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Abstract: The paper deals with the development of the finite element method (FEM) model of piezoelectric
beam elements, where the piezoelectric layers are located on the outer surfaces of the beam core, which is made
of functionally graded material. The created FEM model of piezoelectric beam structure is reduced using the
modal truncation method, which is one of model order reduction (MOR) method. The results obtain from
reduced state-space model are compared with results obtain from finite element model. MOR state-space model
is also used in the design of the linear quadratic regulator (LQR). Created reduced state-space model with
feedback with the LQR controller is analysed and compared with the results from FEM model.
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1 Introduction

Smart materials are a very important building blocks in mechatronic applications [1].
These materials include shape memory materials, magnetorheological, functionally graded,
piezoelectric, and other types of modern materials [2]. Their main feature is their possibility
to extend the functional usage of a given system, to modify the dynamic behaviour of a given
system or to allow a return to the original state of the system under certain conditions.

Frequently used smart materials are piezoelectric materials, which couple the mechanical
and electrostatic fields. This physical coupling predetermines piezoelectric materials for use
as sensors or actuators [3]. They allow the mechanical deformation of piezoelectric material
caused by external forces to be converted to an electric potential on outer surfaces of
piezoelectric material and vice versa electrical potential on outer surfaces of piezoelectric
material caused by external loading to be converted to a mechanical deformation of
piezoelectric material. Such use of piezoelectric materials in mechatronic systems is closely
connected to control systems and controller design according to defined requirements. In
mechatronic systems the so-called modern control is frequently used [4]. State-space model of
a given physical system is used in the design of controllers using modern control theory. From
a control viewpoint, it is very desirable that the state-space model is not too large. The finite
element method (FEM) [5] is most often used for the physical description of a given system,
but the FEM model is dimensionally significantly larger than the state-space model suitable
for control purposes. It is therefore necessary to reduce the size of FEM model and this
process is called model order reduction (MOR) [6]. Reduced state-space model based on
detailed FEM model can be used to design of linear quadratic controller (LQR) [7].

This paper deals with the development of the FEM model of piezoelectric beam element,
where the piezoelectric layers are located on the outer surfaces of the beam core, which is
made of functionally graded material (FGM) [8,9]. Connection of FGM beam with
piezoelectric layers can be considered as suitable smart material composition for mechatronic
applications. Subsequently, the FEM model of a system is transformed and reduced to state-
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space model by modal truncation method, which is one of the MOR methods [6]. Created
state-space model is used to build feedback gain matrix and closed loop reduced state-space
model is analysed. Developed FEM model, MOR technique, state-space model and LQR
control are implemented in FEM code MultiFEM, which is programmed in software
Mathematica [10].

2 Homogenized material properties of beam

Let us consider straight sandwich beam with core made from functionally graded
material (FGM) and top and bottom layers made from piezoelectric material with constant
material properties — Fig. 1. Cross-section of FGM core has height hp;, and depth b, one
piezoelectric layer has height h, and depth b. Cross-section area of FGM core is Aggy,
quadratic moment of inertia of FGM core to neutral axis of core is I¢y,, Cross-section area of
one piezoelectric layer is A, and quadratic moment of inertia of piezolayer to its neutral axis
IS Iy.

piezoelectric layers with
constant material properties

cross-section of one layer: area 4, quadratic moment of inertia /,

FGM core

corss-section: area A, quadratic moment of inertia /.,
Fig. 1 Beam made of FGM core and piezoelectric layers.

The composite material of the FGM core arises by mixing two components — matrix and
fibers, that are approximately of the same geometrical form and dimensions.
Both the fiber volume fraction v, (x,y) and matrix volume fraction vy, (x,y) are chosen as a

polynomial function of longitudinal position x, and with continuous and symmetrical
variation through its height hpgy, with respect to the neutral plane of the FGM core. The
volume fractions are assumed to be constant through the cross-section depth b. At each point
of the FGM core it holds: v¢(x,y) + v, (x,y) = 1.

Young modulus of the constituents, i.e., fibers — Eq(x,y) and matrix — Ep,(x,y), can

analogically vary as it is stated by the variation of volume fractions. For effective Young’s
modulus Er¢p (x, y) and effective density of FGM core we can write [11]

Ereu(%,y) = v (x, y)Ep(x,y) + v (%, ) Em (%, ¥) 1)

Prem (%, Y) = ve(x,¥)pr (%, ¥) + v (X, ¥) P (%, Y) 2
2.1 Homogenized properties of FGM core

Homogenized Young’s modulus for axial loading EfN,(x), bending EfM,(x) and

homogenized density pp¢y (x) of FGM core with cross-section Aggy, (height hpgy and depth
b) and quadratic moment of inertia Ix¢), can be expressed in form
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hrem/2
f bEpgu(x,y)dy
HN _ J=hrGm/2 (3)
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hrem/2 2
f . by“Epeu (x,y)dy
EFHM — —hrem/2 (4)
Fom (X) Tren
hrem/2
f: bprem (x,y)dy
— /2
prem(x) = ——H - 5)

Homogenized Youngs’ moduli and density of FGM core are dependent only on axial location
x and not on transversal location y.

2.2 Homogenized properties of beam with FGM core and piezoelectric layers

Homogenized Young’s modulus for axial loading E”M(x), bending E”N(x) and
homogenized density p(x) of beam with FGM core and piezoelectric layers can be expressed
in form

A 24
E™ () = = Effh () + — P E, (6)
A A
I 21
E™ (x) = Tl () + 7 E, ")
A 2A
p() == prou () + =7 pp ®)

where A is total cross section (A = Aggy + 24,), I is total quadratic moment of inertia and
L,, is quadratic moment of inertia of piezolayer to global axis z. Homogenized Youngs’
moduli and homogenized density of beam with FGM core and piezoelectric layers are
dependent only on axial location x.

3 Piezoelectric beam finite element equations
3.1 Piezoelectric constitutive equations

Piezoelectric constitutive equations describe the relation between mechanical and electrical
quantities. The form of the constitutive equations depends on chosen mechanical and
electrical quantities and can be expressed in two basic configurations. The first configuration
is expressed by stress tensor components ay; and vector components of electric intensity Ej,
and has form

_ E

&j = dijkEx + Sijrion
—_ g

D; = €jEx + dixi01

9)

where ¢;; are strain tensor components, D; are components of electric displacement vector,
d;j, are tensor components of piezoelectric constants, €7, are components of permittivity
tensor on conditions constant mechanical stress and s, are components of compliance
tensor on conditions constant electric intensity [12].

The constitutive equations can be also expressed by strain tensor components &;; and vector
components of electric intensity E;, and has form
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_ E
0ij = Cijia€rl — €ijkEx

(10)
D; = ej&p + € Ex

where new quantities are components of stiffness tensor CiEjkz and components of piezoelectric
modulus tensor e;y;.

The other equations, which play important role, are relation between the components of strain
tensor &;; and components of deformation v; and relation between vector components of

electric intensity E; and electric scalar potential ¢». These relations can be expressed as

Eij = 1/2 (vi,j + vj,i)
Ei=—¢,;

Tensor equations (9) and (10) can be expressed in matrix forms [12], which is more suitable
for finite element formulations, using symmetry of mechanical and electrical quantities as
well as material properties. Matrix formulations of constitutive equations (10) can be
expressed as

(11)

oc=cfe—€"E
D = es+ €°E (12)

where a is vector (in mathematical meaning) of 6 stress tensor components, D is vector of 3
electric displacement vector components, & is vector of 6 strain tensor components, E is
vector of 3 electric intensity vector components, ¢ is 6x6 matrix of mechanical properties, €
is 3x3 matrix of electrical properties and e is 3x6 matrix of piezoelectric properties.

3.2 Piezoelectric FEM equations

Piezoelectric governing equations for dynamic problems can by obtain by Hamilton’s
principle, which can be written in form

f (6L + sW)dt = 0 (13)

where L is Lagrangian, W is work of external mechanical and electrical forces and ¢t; and t,
defined considered time interval. Lagrangian of piezoelectric structure is given by equation

L=T-U+W, (14)

where T, U and W, is kinetic energy, potential energy, and electric energy of investigated
structure, respectively. They can be expressed as

1
T=J —pvTvdV
W) 2
1
sz —elo dV (15)
()
1
W,=| ZETDdv

)

where ¥ is velocity vector with 3 components. Virtual work of external mechanical and
electrical forces can be expressed as

6W=Z6vTF—Z6¢Q (16)
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where v is displacement vector with 3 components, F is force vector with 3 components, ¢ is
electric scalar potential and Q is electric charge.

Hamilton’s principle (13) can be using equations (15), (16) and constitutive equation (12)
expressed in following form

6£TeTEdV+f SETegdV
W) (17)
+ 5ETe€EdV+Z5vTF—Zd¢Qldt=0
2]

2
f [—f p SvTvav — | Sel cEedV +
t ) )

1

)

Relationship between displacement of point v and nodal displacement of finite element v°
and between electric scalar potential ¢ of point and nodal electric scalar potential of finite
element ¢p¢ can be expressed by shape functions of element

v = N,v¢
¢ = Ny¢°
N, and Ny are matrices with shape functions. Relationship between components of strain &

and components of nodal displacements v¢ and relationship between components of electric
intensity E and nodal electric scalar potential ¢p¢ have forms

(18)

& = B,v°

E e B (19)

B, and B are matrices with derivative of shape functions. Hamilton’s principle (13) can be
rewritten by equations (18) and (19) into form

t2
—(] NTpN, dV)i&e - (j BT ¢EB, dV)ve
W) )

6(178)T
— <f B} e"B, dV>¢e + +ZN,7;Fldt
)

t1

(20)
t2
+ | 5(¢e)T [— <f B, eB, dV> Ve + <f B, €By dV) ¢
t W) W)
— Z N Ql dt =0
FEM equations of individual element can be derived from (20) in form
e e Y] Ke Ke e e
| e [ PR P8 @
0 dv Koo

The equation (21) represents dynamic behavior of piezoelectric material without mechanical
damping. If the damping is considered, then the equation (21) has form

e eq [4¢ e I K¢ K¢ e Fe
e vellae * 15 el le] * [ v Z¢] o] = o] (22)
ov foloj
where individual submatrices are defined as follows:
M, = f(V) NTpN,dV; K¢, = f(V) B} c"B, dV; K7, = f(V) B} e"B, dV;
Sy = f(V) B,eB,dV; K, = f(v) B}, €°B, dV; C%, = aM, + BK,
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F¢ and Q¢ represent nodal forces and nodal charges on considered element.

For whole investigated structure we can formally write

Mo ollal + [ llal+ e wollal=[al @)

3.3 FEM equations of FGM beam with piezoelectric layers

2D beam element with piezoelectric layers and FGM core with all degrees of freedom and all
intermal mechanical and electrical forces is shown in Fig. 2.

electrodes of top piezolayer
e e Me o e -
V'ﬂjﬁ" ,/ 00 / 020 /X/ Vi £y

. . A (%?,A/j]?
AT IR
i x/ wF‘ J|/ ”7;51[
R K

\ e e . e \f
%05 ¥ Qs electrodes of bottom piezolayer
Fig. 2 2D beam element with piezoelectric layers — degrees of freedom and internal forces.

Length of beam element is L¢, cross-section of FGM core is Aggy and cross-section of
piezolayer is A,. Homogenized Youngs’ moduli for axial loading and bending are computed
according to equations (6) and (7) and homogenized density is computed according to
equation (8). Mechanical degrees of freedom of element are displacements and rotations in
both nodes (u;, vi, o7, u;, vf, ¢;), electrical degree of freedom are electric potential on all 4
electrodes of both piezoelectric layers (¢5, ¢5, ¢35, ¢5). Internal element mechanical loads are
forces and moments in both nodes (Fy;, Fy;, M{, Fy;, Fy;, M7) and internal element electric
loads are electric charge on all 4 electrodes of both piezoelectric layers (Qf, Q5, @5, Q%) [13].
FEM equation of 2D piezoelectric beam element with FGM core has formally the same
equation as equation (22), but individual stiffness submatrices have different form, because
they are using transfer constant and not classical shape functions. Mass submatrix M¢,, can be
constructed by classical shape functions [5].

The structural submatrix for the beam element with piezoelectric layers can be expressed in
a form

F Ky, 0 0o —k'y 0 0
0 k,vz k,v3 0 _k,vz kvz
0 k' k' 0 -k k

Ke — v3 v33 v3 v3 24
vv _klu O 0 klu 0 0 ( )
0 _klvz _k’v3 0 k’vz —ky2

L 0 ka kv3 0 _kvz kv23—

Computation of individual components of the structural submatrix contains the influence
of FGM core and piezoelectric layers, where homogenized material properties of beam is
considered. The calculation of individual components is identical for classical multilayer or
FGM beam without piezoelectric layer and is described in [11]. The electrical submatrix for
the beam element with piezoelectric layers can be expressed in a form [13]
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i ApLee ApLeg
R h3
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o —
0 0
0

0 0
0
_ A,Le®  A,Le*
h3 h3
A,Le® A,Le*
h3 h3

where € is permitivity of piezoelectric layer under constant strain.

Submatrices of piezoelectric coupling can be expressed in following forms [13]

B ApdyqE,  AydyqE, _Apd21Ep ApdyEp
hy hy hy hy
0 0 0 0
AydaqE, _Ayd21Ep AydyqEy _Ayd21Ep
e _ hy hy hy hy
L Apdaq E, _Apd21Ep Apdyq Ey _Apd21Ep
hy hy hy hy
0 0 0 0
_Ayd21Ep AydaqE, _Ayd21Ep AydyqEy
hy hy hy hy
. Apeqq Ayeyq Apesq _Aye21'
hy hy hy hy
Men o _Ayen _Aven o Ayen
e _ hy hy hy hy
U e Aven Apen o Ayem
hy hy hy hy
hy hy hy hy

where 4, = %Ap (heem + hy), day and ey, are piezoelectric constants.

3.4 Sensor and actuator FEM equations

The matrix equation (23) of investigated structure can be rewritten in the form

Mvvi} + vav + vav + Kv¢ (¢)sens =F— de) (¢)actu
K(l)vv + K¢¢(¢)sens = (@)sens
K(,bvv + K(,b(,b (@) actu = (@actu

where (¢@)sens and (Q)sens IS €lectric potential and electric charge of sensors, respectively,
and (@) acrw and (@) acry 1S €lectric potential and electric charge of actuators, respectively. If
electrodes on piezoelectric sensors are short circuit, i.e., (¢p)sens = 0, and electrodes on
piezoelectric actuators are open circuit, i.e., (Q)aw = 0, then equations of investigated

structure have form
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M, v+C,,v+ K, v=F — Ky (P actu 31)
K¢vv = (Q)sens (32)

Equation (31) is used to calculate the deformation of the whole structure, which is loaded by
external forces on the structure as well as the electric potential on the piezoelectric actuator.
Equation (32) is used to calculate the electric charge, which is collected on the piezoelectric
sensor. If electrodes on piezoelectric sensors and actuators are open circuit, i.e., (Q)sens = 0
and (Q)actu = 0, then these equations have form

M, v+C,,v+K,v+ Kmp (¢)sens =F - chp (¢)actu (33)
Kd)vv + Kd)d) (¢)sens =0 (34)
Equations (33) and (34) can be rewritten to form
M, v+ C,,v+ (va - de,K;b(lpK(pv)v =F—-Kyy (P)actu (39)
Kd)vv + Kd)d) (@)sens = 0 (36)

Equation (35) is used to calculate the deformation of investigated structure, which is loaded
by external forces on the structure as well as the electric potential on the piezoelectric
actuator. Equation (36) is used to calculate the electric potential that is induced on the
piezoelectric sensor. Developed FEM equations were implemented in FEM code MultiFEM,
which is programmed in software Mathematica [10].

4 Reduced state-space model

Smart structures made from piezoelectric material, are usually connected to controller in
order to have required behavior of structure. For this purpose, FEM equations are transformed
to state-space equations [14]. The displacement of the nodal points can be expressed as

v=27Zw (37)

where the matrix Z contains eigenshapes and w is vector of amplitudes of these eigenshapes.
Using the transformation equation (37), equations (31) and (32) of investigated structure,
where electrodes on piezoelectric sensors are short circuit and electrodes on piezoelectric
actuators are open circuit, can be rewritten in form

My, Zw + Cy,Zw + K ,,Zw = F — Kv¢ (@) actu (38)
(Q)sens = K¢UZW (39)
Using orthogonality property of mode shapes

ZTMvv Z = diag(uy) (40)
ZTKW; Z= diag(.ukwlzc) (41)
7"Cy, Z = diag(2$xmrwk) (42)

equations (38) and (39) can be rewritten in form
”W+Zf”wW+MwZWZZTF_ZTKv¢ (P)actu (43)
(@)sens = Kd)vzw (44)

where u, w and § represent matrix of modal masses, matrix of modal frequencies and matrix
of modal damping ratios of structure, respectively. Equations (43) and (44) can be rewritten
into form

w 0 | w 0 0
[ wo|=|-w? -2&w [W]+ -u 2K,y p'Z" [("bif‘“u] (45)
(Q)sens K¢VZ 0 0 0
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Equation (45) can be formally written as state-space model

x =Ax + Bu (46)
y=Cx+Du 47)
where individual matrices 4, B, € and D have form
0 | 0 0
A= —w? =2 Ew] B = [—ﬂ_IZTde, ﬂ_IZT] (48)
C=[KsZ 0] D=[0 0] (49)

and vector x = [w  w]7 is state vector, y = (Q)qens iS OUtpUt Vector and u =
[W()aceu FIT is input vector. If electrodes on piezoelectric sensors and actuators are open
circuit, matrices 4 and € have shape

0

I -1
A= |2 + 2K, (KK pZ 2 fw] € =[-KggKpnZ 0] (50)

and output vector is y = () sens-

When in the transformation process from the FEM model to the state-space model only
selected eigenmodes and appropriate eigenfrequencies of system are considered, we obtain
reduced modal truncation model [6].

5 Control of MOR model

Input vector u can be split into external input u, and controller input u.. The control for a
linear system with full-state feedback [15], which is shown in Fig. 3, is given by proportional
control law

u. = —Kx (51)
Input: u,
State-space Output: y
model: 4, B, C D
Input: u. State: x

A 4

Gain matrix:
K

Fig. 3 Control of system with full-state feedback.

The goal of the linear quadratic control law is to design the gain matrix K so that the state of
the system x converges to the zero state as quickly as possible, but with the least possible
effort. Mathematically, this can be expressed using the so-called cost function in the form

17 T T
J= Ef (x"Qx + u;Ru,) dt (52)
0

and the goal is to construct u, = —Kx in such a way to minimize | = tlim J(t). The resulting

full-state feedback controller is called a linear quadratic regulator (LQR), since it is a linear
control law that minimizes a quadratic cost function to regulate the system.
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Matrix Q is positive semidefinite matrix and R is positive matrix and they represent weights
of state and input vectors in the process of minimization of a cost function J. These matrices
are often diagonal, and the diagonal elements may be tuned to change the relative importance
of the control objectives.

6 Numerical examples

Numerical experiments contain two examples, both of which contain a functionally graded
beam on which piezoelectric layers are placed. The material composition of the functionally
graded beam as well as the piezoelectric layers are the same in both investigated examples.
Since the mathematical models use the homogenization of the material properties of both the
FGM beam without piezoelectric layers and the FGM beam with piezoelectric layers, it is
necessary to create these homogenized material properties — this is discussed in section 6.1.
The created homogenized material properties are then used in the analysis of a simple FGM
beam with piezoelectric layers — section 6.2 as well as in the analysis of FGM beam structure
with piezoelectric layers — section 6.3.

6.1 Homogenized material properties
Beam, shown in Fig. 1, consists of beam core and outer piezoelectric layers. The height of

the core is hpgy = 0.01 m and the height of the piezoelectric layer is h, = 0.001 m. The
width of the analysed beam is b = 0.01 m and length is 0.1 m.
Beam core is made of functionally graded materials. Material of matrix (index m) is NiFe
with constant density and Young's modulus and material of fibre (index f) is tungsten with
constant density and Young's modulus:

e Young's modulus: E,,, = 255 GPa, E; = 400 GPa

e density: p,,, = 9200 kg/m?, p; = 19300 kg/m?

Volume fractions of both constituents v, (x,y) and v, (x, y) vary along the length and height
of beams (x is longitudinal axis and y is transversal axis of beam — see Fig. 1) according to
equations:

v (x,y) = —1.3 x 108x3y? + 1333.3x3 + 2 X 107x%y% — 200x2 — 40000y? + 1 [—]
vr(x,y) = 1.3 x 108x3y? — 1333.3x — 2 X 107x%y? + 200x2 4 40000y [—]

Both functions of volume fractions for beam core with length 0.1 m and height 0.01 m are
shown in Fig. 4.

\ L
0.0\, A/ %
,,QM‘?!V' /0,000

0.00 /0,000 0.00 7+
: - // =, L
0.05 S~ 7

~—0.005 ~~0.005
0.10 ’ 0.10 ?

x[m] x[m]

Fig. 4 Volume fraction of matrix — left, volume fraction of fibre — right.
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Effective material properties of FGM are defined by material properties of constituents and
their variations and Young's modulus and density of considered FGM (equations (1) and (2))
have form

Ercy(x,y) = 1.93 x 10%9x3y2 — 1,93 x 10™x3 — 2.9 x 1018x2y? + 2.9 x 1013x?
+ 5.8 X 10%5y2 + 2.55 x 10! [Pa]

Prom (%, y) = 1.34667 x 102x3y? — 1.34667 x 107x3 — 2.02 x 1011x2y?
+2.02 x 108x% + 4.04 x 108y? + 9200 [keg/m?]

Homogenized material properties of investigated FGM beams can be calculated by defined
cross-section parameters of beams and by effective material properties (equations (3), (4) and
(5)) and have following forms:

EN () = —3.2 x 1013x3 + 4.83 x 1012x2 + 3.03 x 101! [Pa]
EM.(x) = 9.6 x 1013x3 — 1.45 x 10"3x2 + 3.42 x 10 [Pa]
prem(x) = —2.24 x 10%x3 + 33666. 6x2 + 12566.6 [kg/m°]

ENz(x) and EN,, (x) represent homogenized Young's modulus for axial loading and for
bending and pgqy (x) is homogenized density of FGM core, respectively.

Piezoelectric layers in investigated beams are made from PZT5A piezoelectric material.
PZT5A is orthotropic material and has following material properties (direction of poling has
index 3):

e mechanical properties:
o Young's moduli: E; = 61 GPa, E, = 61 GPa, E5 = 53.2 GPa
o Poisson numbers: p;, = 0.35, 3 = 0.38, u,; = 0.38
o shear moduli: G, = 22.6 GPa, G,3 = 21.1 GPa, G,3 = 21.1 GPa
o density: 7750 kg/m®
e piezoelectric properties: ds; = —171 x 10712 C/N, d33 = 374 x 10712 C/N,
dys = 584 x 10712 C/N, d,, = 584 x 10712 C/N
o relative permittivity: €7, = 1728.8, €5, = 1728.8, €5 = 1694.9

Homogenized Young’s modulus for axial loading E*™ (x) and bending E”N (x) and density
p(x) of beam with FGM core and piezoelectric layers can be calculated by (6), (7) and (8)
and they have form

EN(x) = —2.685 x 103x3 + 4.027 x 10'2x? + 2.629 x 10'! [Pa]
EM(x) = 5.594 x 1013x3 — 8.391 x 10'2x? + 2.236 x 10! [Pa]
p(x) = —1.871 x 10°x3 + 305833.3x% + 11762.16 [kg/m?]
6.2 Simple FGM beam with piezoelectric layers
Analysed system

Fig. 5 left shows the analysed FGM beam structure on which the piezoelectric actuators
and sensors are placed. The length of FGM beam is 0.1, the length of sensor and actuator is
0.01 m and they are placed 0.01 m and 0.03 m from fixed left end, respectively. The
discretized FEM model is shown in Fig. 5 right.
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prescribed vertical

FGM beam displacement or force node 8 node 10 node 21
/R | D:ﬂ:li-llnuuuu
acuc:[or blsor element 3 4 element 7 8

Fig. 5 Analysed FGM beam system with piezoelectric actuators and sensors — left, discretized
FEM model - right.

Homogenized material properties of FGM core without piezoelectric layers as well as
FGM core with piezoelectric layers were defined in section 6.1. Damping of structure is
considered as Rayleigh damping with mass and stiffness constants 3 x 10~5s? and 3 x 107>
s, respectively. The inner electrodes of piezoelectric layers are grounded.

The goal of the analysis is to perform a static and dynamic FEM analysis of the beam
structure with different excitations and then create a MOR model and compare the results
obtained from the MOR model and the FEM model. The analysis also includes a design of
LQR controller of the structure to minimize the vibration of the structure.

Static FEM analysis

Static FEM analysis is considered as an initial analysis that defines the initial state for the
selected transient analysis. The deformed state is defined by the prescribed vertical
displacement at node 8 with a value —0.25 x 10~°> m and at node 21 with a value of 1x 10~>
m — see Fig. 5. Calculated deformed shape is shown in Fig. 6.

+10.x10°®
+7.889x 108
E
7 | +5.779x10°®
[=
@
| £ "
N 2 [ aemsx10
@
a
wl
5 +1.557 x 108
-553.3x10°°
-2.664x 108

Fig. 6 Static deformed shape of analysed beam structure.
Modal FEM analysis

The goal of the modal analysis is to obtain the first four bending eigenfrequencies and the
corresponding eigenmodes of the analysed beam structure. These eigenfrequencies and
eigenmodes are subsequently used both in the creation of a reduced model of the system and
in the definition of the modal initial state of the system. The first four eigenshapes are shown
in Fig. 7. First four bending eigenfrequencies of analysed systems are 188.4 Hz, 988.5 Hz,
5532 Hz and 9765 Hz.
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Fig. 7 The first four bending eigenmodes.
Harmonic FEM analysis

The response of the analysed structure to the harmonic vertical force with amplitude 20 N
acting at the free end of the structure — node 21 (see Fig. 5) is shown in Fig. 8.

10° ’\,\ ] 10° '\
10% 1 \_ » \ displacement Y [m] 104 ¢ | displacement Y [m]
107 ] = node 11 10°% | = node 11
10° node 21 10 node 21
| 107 o ]
0 20 40 60 80 100 0 20 40 60 80 100
x10°%[rad/s] x10%[rad/s]

Fig. 8 Response of system to harmonic vertical force, without considering damping — left,
with damping — right.

As can be seen from the harmonic analysis of piezoelectric system with damping, the
dominant natural frequencies are the first four. For this reason, the first four bending
eigenshapes and eigenfrequencies of the analysed system are used in the reduced model.

Transient analysis

In the transient analysis, 3 different excitations were considered: excitation by initial
conditions, excitation by external force, excitation by electric potential on actuators.
Investigated time for transient analysis is 0.025 s.

Excitation by initial conditions: the initial conditions of the system are defined by the static
deformation, which was presented at the subsection Static analysis. Newmark's numerical
method was used to calculate the system response. The displacements of the nodes 10 and 21
and the electric charge on the electrodes on the elements 7 and 8 are shown in Fig. 9.
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Fig. 9: Excitation by initial conditions — displacements and the electric charge, without
considering damping — left, with damping — right.

Excitation by external force: the external force is located at the free end of the system —
node 21 (see Fig. 5). The system had zero deformation and zero velocity at the beginning of
investigated time. The force has a harmonic character with frequency 80 Hz and an amplitude
of 10 N. The displacement of nodes 10 and 21 as well as the electric charge on elements 7 and
8 of damped system are shown in Fig. 10.
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Fig. 10 Excitation by external force — displacements and the electric charge.

Excitation by electric potential on actuators: piezoelectric actuators are located closer to the
left fixed end — elements 3 and 4 — see Fig. 5. The system had zero deformation and zero
velocity at the beginning of investigated time. The inner electrodes are grounded, an electric
harmonic potential with an amplitude of 100 V and a frequency of 40 Hz is prescribed at the
outer electrodes. The displacement of the nodes 10 and 21 as well as the electric charge on the
elements 7 and 8 of damped system are shown in Fig. 11.
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Fig. 11 Excitation by electric potential on actuators — displacements and the electric charge.
MOR state-space model

Based on the modal analysis results, a reduced state-space model described by equation
(45) was created using the first four bending eigenfrequencies and their corresponding
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eigenshapes. In the model, the damping of system was defined as in the FEM model. In the
dynamic analysis of the reduced state-space model, all excitations which were used in the
transient FEM analysis with the same set-up, were considered. Initial deformations, external
vertical force located at the free end of the beam structure and electric potential on actuators
had to be transformed into modal space. Fig. 12 shows the vertical displacement of the node
21 caused by initial deformation of system, which was calculated from the full FEM model —
blue line and from the reduced state-space model — brown rings, considering a system without
damping as well as a system with damping.

10

10. §

0

0.005 0010 0.015 0.020 0.025
[s]

node 21
displacement Y [m]
—— FEM

MOR

%108
10.

[s]

node 21
displacement Y [m]
— FEM

MOR

Fig. 12 Vertical displacement of the node 21 calculated by FEM model — blue line and by
MOR model — brown rings, without considering damping — left, with damping — right.

Fig. 13 shows time variation of the vertical displacement of the node 21 in the model with the
damping under the load of the vertical harmonic force — the left figure, and under the load of

the electric harmonic potential on the piezoelectric actuator — the right figure.

node 21
displacement Y [m]
—— FEM
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1
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0 0.005 0.010 0.015 0.020 0.0[25]
S

Fig. 13 Vertical displacement of the node 21 calculated by FEM model — blue line and by
MOR model — brown rings, system loaded by vertical harmonic force — left, system loaded by
electric harmonic potential on the piezoelectric actuator — right.

The blue line in Fig. 13 represents the results from the FEM analysis and the brown rings
represent the results from the reduced state-space model. As can be seen from Fig. 12 and 13,
MOR state-space model very faithfully describes the behaviour of the system and the state-
space model have significantly fewer degrees of freedom than the full FEM model.

Control law

A reduced state-space model was used to design the LQR controller, with a state weight of
50,000 and an input weight of 1. Based on the parameters thus selected, the gain matrix K
was calculated and then a feedback state-space model was built. Subsequently, the state-space
model with feedback was analysed, considering the initial conditions defined by static FEM
analysis and transformed into modal space. Comparison of the system response, i.e., the
vertical deflection of the node 21 for the system without control — blue line and for the system
with control — brown line, is shown in Fig. 14 left.
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Fig. 14 Comparison of the system response, blue line is response of the system without
control and brown line for the system with control — left, the electric potential on the actuators
generated from the linear quadratic controller — right.

The electric potential on the piezoelectric actuators generated from the linear quadratic
controller was determined — time variation of electric potential is shown in Fig. 14 right. This
voltage was applied as a load to the full FEM model and a transient FEM analysis was
performed. A comparison of the results from the FEM model and the MOR model when
control is considered is shown in Fig. 15, where the blue line represents the displacement of
node 21 from the FEM analysis and the brown rings from the MOR analysis.

x10®
10,_‘

control on - node 21
displacement Y [m]
—— FEM

MOR

AMvonvrO®

Fig. 15. Response of system with control computed by FEM model — blue line and response
of system with control computed by MOR model — brown rings.

As can be seen from obtained results, the MOR model of investigated system very
faithfully describes the behaviour of the system, where the FEM model was used as a
reference model.

6.3 FGM beam structure with piezoelectric layers
Analysed system

The analysed system is shown in Fig. 16 left. It consists of 3 beams: beam 1 and beam 2
are made of functionally graded material with variation of material properties along the length
and height of the beam, beam 3 has constant material properties. A piezoelectric actuator is
located on the beam 1 and a piezoelectric sensor is placed on the beam 2.
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Fig. 16 Piezoelectric structure with actuator and sensor — left, discretized FEM model — right.
Geometry parameters of beams are:

e cross-section — all beams have height and depth of cross-section 0.01m, height of
piezoelectric layers is 0.001m and its depth is 0.01m

e length — beams 1 and 2 have length 0.05 m and beam 3 has length 0.1 m, length of
piezoelectric layers is 0.01m

Material parameters of beams are:

e beams 1 and 2 are made from FGM — homogenized material properties of FGM
core without piezoelectric layers as well as FGM core with piezoelectric layers
were defined in section 6.1

e beam 3 has constant material properties: E = 319.4 GPa, p = 13989.6 kg/m?®

e damping of structure is considered as Rayleigh damping with mass and stiffness
constants 1 x 10~5stand 1 x 1075 s, respectively

e the inner electrodes of piezoelectric layers are grounded.

The goal is to perform a FEM transient analysis of the system under defined initial
conditions, to create an MOR model using the modal properties of the system, to compare the
results from FEM and MOR models, to design of the linear quadratic regulator (LQR) and
compare the response of the system without control and with control.

Analysis of FEM model

The initial state of the analysed structure is defined by the static deformation of the
structure, when the horizontal displacement of the free end of beam structure is prescribed —
node 21 (see Fig. 16), the displacement has value 5x 10~® m. Free vibration of structure is
investigated.

The discretized FEM model is shown in Fig. 16 right. The response of the system — the
vertical displacement of nodes 21 and 10 and electric charge on element 6 is shown in Fig. 17.
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Fig. 17 The response of the system, the vertical displacement of nodes 21 and 10 — left,
electric charge on element 6 — right.

The goal of the modal analysis is to obtain the first four bending eigenfrequencies and the
corresponding eigenmodes of the analysed beam structure. These eigenfrequencies and
eigenmodes are subsequently used both in the creation of a reduced model of the system and
in the definition of the modal initial state of the system. The first four eigenshapes are shown
in Fig. 18 and corresponding eigenfrequencies are 1040.24 Hz, 4251.05 Hz, 7256.15 Hz and
17477.4 Hz.
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Fig. 18 The first four bending eigenmodes.
Analysis of MOR model

A reduced model was created using the modal truncation method, considering the first four
eigenshapes of the structure shown in Fig. 18 and their corresponding natural frequencies. The
created reduced state-space model was analysed in program Mathematica using the
StateResponse and OutputResponse commands, which simulate state quantities and output
quantities of defined state-space mode, respectively. The obtained state and output quantities
from the reduced state-space model were compared with the results obtained from the FEM
model — Fig. 19, where FEM results are shown by a blue line, and MOR results by a brown
ring. Fig. 19 left shows the vertical displacement of the node 21 and Fig. 19 right shows the
electric charge on the piezoelectric sensor — element 6.
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Fig. 19 Results calculated by FEM model (blue line) and by MOR model (brown rings),
vertical displacement of free end — left, electric charge on sensor — right.

As can be seen from these results, the displacement as well as the electric charge obtained
from the MOR simulation correspond very well with quantities obtained from the FEM
analysis.

Control of MOR model

For the analysed system, a linear quadratic regulator was proposed with the smae state
weight and the same input weight as were used in previous example. The output of gain
matrix of regulator is the electrical voltage for the piezoelectric actuator and the input of
controller is the full state of the model. The proposed LQR controller was connected with
reduced state-space model and the final closed loop system was analysed. The initial state of
closed loop system was defined in the same way as in the transient FEM analysis. A
comparison of a deformation of a system represented by vertical displacement of node 21
without control and a system with control is shown in Fig. 20 left, Fig. 20 right shows the
electrical voltage that is applied to the piezoelectric actuator as controller output.
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Fig. 20 A comparison of a deformation of a system represented by vertical displacement of
node 21 without control (brown line) and a system with control (blue line) — left, the electrical
voltage applied to the piezoelectric actuator — right.

7 Conclusions

The paper presents beam finite element with piezoelectric layers, where core of the beam is
made of FGM materials. Such combination of materials is very attractive for mechatronic
applications because material composition of FGM core can be optimized for design stress
state and deformation can be controlled by voltages on electrodes. The derived equations were
implemented in the FEM program MultiFEM. Subsequently, FEM model was reduced using
the modal truncation method, which is one of the MOR methods. The created MOR model is
then used to design the LQR controller. The MOR model with feedback with the LQR
controller is also investigated and the results are compared with the FEM model with the same
electrical load on the piezoelectric actuators.
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