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ABsTRACT. This paper deals with a new class of mixed fractional differential equations with integral bound-
ary conditions. We show an important equivalence result between our problem and nonlinear integral
Fredholm equation of the second kind. The existence and uniqueness of a positive solution are proved us-
ing Guo-Krasnoselskii’s fixed point theorem and Banach’s contraction mapping principle. Different types of
Ulam-Hyers stability are discussed. Three examples are also given to show the applicability of our results.
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1. Introduction

The fractional calculus has grown rapidly in recent years and increasingly used in a variety
of fields of science and engineering (mathematical physics, biology, bioengineering, control
theory, hydrology, thermodynamics, mechanic and finance; see the books [17, 27, 25, 13]).
Most of them used an integral form for the fractional derivative. The most popular ones are
“Riemann-Liouville fractional derivative” or "Caputo fractional derivative”. However, a new
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fractional derivative has been introduced by Khalil et al. in [16] namely “the conformable
fractional derivative” which is satisfy all the requirements of the standard derivative.

Integral boundary conditions of fractional problems are approached by various researchers
by applying different fixed point theorems, iterative technique, and upper and lower solutions
method. We refer the reader to a series of articles [22, 23, 37, 29, 28, 35, 6, 33, 3, 10, 9, 32, 20, 34,
31, 5]. Another aspect of stability analysis has been taken up by a number of mathematicians
called “Ulam-Hyers stability” this concept was introduced in the mid of 19" century and
recently it is a one of the most important subjects in the mathematical analysis area. For
details, see [15, 21, 7, 36, 19, 8, 5] and the references cited therein.

Recently, fractional differential equations including both left and right fractional deriva-
tives are also attracting much attention , there are many results on boundary value problems
concerning mixed fractional derivatives of different types. For instance Ntouyas et al. [24]
investigated the existence and uniqueness of solutions of single and multi-valued boundary
value problems involving both Riemann-Liouville and Caputo fractional derivatives, and non-
local fractional integro-differential boundary conditions. In [18] the authors proved the exis-
tence of solutions for a boundary value problem involving both left Riemann-Liouville and
right Caputo fractional derivatives by applying Krasnoselskii’s fixed point theorem. Bashir
et al. [4] studied the existence theory of nonlocal three-point boundary value problems for
differential equations and inclusions involving both left Caputo and right Riemann-Liouville
fractional derivatives by using the Banach and Krasnoselskii fixed point theorems and the
Leray-Schauder nonlinear alternative. The existence of solutions for the multivalued problem
concerning the upper semicontinuous and Lipschitz cases is proved by applying nonlinear
alternative for Kakutani maps and Covitz and Nadler fixed point theorem. Chatzarakis et
al. [11] has been presented the first work on conformable and Riemann-Liouville left sided
fractional derivatives appearing in the oscillation problem of mixed fractional order nonlinear
differential equations by using the generalized Riccati technique and the integral averaging
method to establish new oscillation criteria.

In this paper, we study the existence, uniqueness of positive solution and Ulam-Hyers stabil-
ity to the following mixed fractional boundary value problem (for short MFBVP) with integral
boundary conditions:

pP (CD8‘+x) ()= f(t,x(t), 0<t<1, (1.1a)
— / (1.1b)
CD8‘+x 1) =0, (1.1¢)

where a,f € ]0,1], vy € ]0,1], Dgé) denote the right conformable fractional derivative, “Dj.
denote the left Caputo fractional derivative, x is the unknown function and f : [0,1] x Ry —
R} is a continuous function.

This paper is organized as follows. In Section 2, we recall some useful definitions, lemmas
and theorems on fractional calculus. In Section 3, we prove an important equivalence re-
sult between the problem considered and nonlinear integral Fredholm equation of the second
kind. This result plays a key role in the forthcoming analysis in this paper. Then, we prove
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the existence and uniqueness of the positive solution for MFBVP (1.1a)-(1.1c) by using Guo-
Krasnoselskii’s fixed point theorem and Banach’s contraction mapping principle. Furthermore,
we discus different types of Ulam-Hyers stability for MFBVP considered. Three examples are
also given to illustrate our results. Finally, we end this paper with a conclusion.

2. Preliminaries

In this section, we recall some useful definitions, lemmas and theorems on fractional calcu-
lus.

Definition 2.1 ([1, 16]). The left conformable fractional derivative starting from a of a function
x:[a,+00) — R of order 0 < B < 1 is defined by

DE)x (t) = lim - (tre=aF) —x)

e—0 3

, forall t > 0.

If D{Elj)x exists on |a,b[ then Dfﬁ)x (a) = 1}1_131+ D{Eli)x (1).

The right conformable fractional derivative of order 0 < B < 1 terminating at b of x is
defined by

D2 (6) = —tim x (t-l—e (b— t)l—ﬁ) —x(t)

s lim . , forallt > 0.

1f DP)x (¢) exists on | a,b | then DPx (b) = Jim D) x (1),
lim

The left and right conformable fractional integral of a function x of order 0 < B < 1 is
defined respectively by

If+x (t) = /t (s — a)ﬁ_l x (s)ds, (2.1a)
1P x () = / " (b= 5)P "V x (s) ds. (2.1b)
t

Definition 2.2 ([17, Theorem 2.1]). The left Caputo fractional derivative of order 0 < a < 1 of
an absolutely continuous function x : [a,b] — R is given by

D, x (1) = ﬁ / (t—s) ¥ (s) ds. (2.2)

The right Caputo fractional derivative of order 0 < & < 1 terminating at b of x is defined by

‘Dy x(t) = —ﬁ /tb (s—t) " x' (s)ds.

The left and right Riemann-Liouville fractional integral of order 0 < a < 1 of a function x are
defined respectively by

() == (1a) / C(E— ) x (s) ds, (2.3)
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Jp-x (t) = % /tb (s —)* 1 x (s)ds, (2.3b)

(44

where T’ (+) is the Euler gamma function, see [17, p.24].

Lemma 2.1 ([1, 16, 17]). We have
(i): If x is a continuous function on | a,b | then

pP (zf,x(t)) — p'#) (If+x(t)) = DY (JEx(t)) = DY (Jhx(t) =x(t).  (24)

(ii): If Dg(ﬁ) X, Délj) x, ‘DY x, CDZ‘_x are continuous on | a,b [ then

I (DPx () = I (Dyex () = x () — x (a), (2:50)
( By (t)) =% (“DEx(t)) =x(t) —x(b). (2.5b)
(iii): If x is differentiable on ] a,b|[ the
pypx ()= (t—a) Py (1), (2.6a)
DPx(t)=—(—1)1Px (). (2.6b)

Further, we present the following fixed point theorems which will be used in studying of
our main results.

Theorem 2.1 (Contraction Mapping Principle [2, 12]). Let (E, ||-||) be a Banach space, P C E a
nonempty closed subset. If 7 : P — P is a strictly contraction, i.e.,

JLe ]0,1[,Vx,yeP:|[Tx—Ty| <L|x—y|,
then 7 has a unique fixed point in P.

Theorem 2.2 (Guo-Krasnoselskii’s fixed point theorem [14]). Let (E,||-||) be a Banach space,
P C E be a cone and ()4, () are two bounded open subsets in E such that 0 € ()1 C 0 C .

Let operator 7 : P N (2\(Q1) — P be completely continuous. Suppose that one of the two
conditions

(Hy) [|[Tx|| <|x||, Vx e PNoOy and |Tx|| > ||x]|, Vx € PNoy
and

(H2) || Tx|| > |x||, Yx € PNoQy and ||Tx| < x|, Vx € PN
is satisfied. Then 7 has at least one fixed point in P N (2 \ ().

Let ¢ be a positive real number, f : [0,1] x Ry — Ry be a continuous function and ¢ :
[0,1] — R4 be a continuous function.
For the MFBVP (1.1a)-(1.1c), we focus on the following inequalities:

DI (D) (1) - f by ()] <& te 1], 2.7)
DY (Diy) ()~ f(by ()] < 9 (1), 1€ (0,1]. 28)
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DY (Diy) () - f Ly ()| <ep(t), 1€ (0,1, 2.9)

Definition 2.3 ([26, 30]). The MFBVP (1.1a)-(1.1c) is Ulam-Hyers stable if there exist constants
A > 0 such that for each ¢ > 0 and for each solution y € E of the inequality (2.7) there exists a
solution x € E of the MFBVP (1.1a)-(1.1c) such that

ly (t) —x ()] < Ag, t €[0,1].

Definition 2.4 ([26, 30]). The MFBVP (1.1a)-(1.1c) is generalized Ulam-Hyers stable if there
exists 6 € C (R4+,R;), 8 (0) = 0 such that for each ¢ > 0 and for each solution y € E of the
inequality (2.7), there exists a solution x € E of the MFBVP (1.1a)-(1.1c) such that

y (1) =x(B)] < 0(e), t€[0,1].

Definition 2.5 ([26, 30]). The MFBVP (1.1a)-(1.1c) is Ulam-Hyers-Rassias stable with respect to
¢ if there exists a real number ¢ > 0 such that for each ¢ > 0 and for each solution y € E of the
inequality (2.9) there exists a solution x € E of the MFBVP (1.1a)-(1.1c) such that

y (1) —x(B)] < ceq(t), t € [0,1].
Definition 2.6 ([26, 30]). The MFBVP (1.1a)-(1.1c) is generalized Ulam-Hyers-Rassias stable
with respect to ¢ if there exists a real number ¢ > 0 such that for each solution y € E of the
inequality (2.8) there exists a solution x € E of the MFBVP (1.1a)-(1.1c) such that

y (8) —x(B)] <co(t), t<[0,1].
Remark 1 ([30]). It is clear that:
(i) Definition 2.3 = Definition 2.4.
(ii) Definition 2.5 = Definition 2.6.
(iii) Definition 2.5 for ¢ (-) = 1 = Definition 2.3.
Remark 2 ([26, 30]). (1) A function y € E is a solution of inequality (2.7) if, and only if, there
exists a function w € C ([0,1],R) such that
(@) lw (t)] <etel01],
) DP (D y) (1) = f (ty (1)) +w (t), t € [0,1].
(2) Also a function y € E is a solution of the inequality (2.8) if, and only if, there exist h €
C ([0,1],R) such that
(@) [n(t)] < ¢ (t), te01],
) D) (D y) () = £ (ty () +h (1), t € [0,1].
(3) Similarly for (2.9) there exist a function ® € C ([0,1],R) such that
(a) |P(t)] <eg(t),te]0,1],
) DP (cDy) (1) = f (Ly (1) + D (£), t € [0,1].

3. Main results

This section is devoted to give an existence, uniqueness and stability results of a positive
solution for the MFBVP (1.1a)-(1.1c). To this end, we define the Banach space E = C (]0,1],R4)

with the norm ||x|| = max |x (¢)].
te[0,1]
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3.1. Equivalence problem. In this subsection, we give the first main result which concerning
the equivalence problem of the MFBVP (1.1a)-(1.1c).

Theorem 3.1. Let o, € |0,1], v € |]0,1[ and f : [0,1] x R+ — R4 is continuous function.
Then, x € E is solution of the MFBVP (1.1a)-(1.1c) if, and only if, x € E satisfies the nonlinear
and homogeneous Fredholm integral equation of the second kind,

x(t) = /01 G(t,5) f(s,x(s))ds, (3.1)

where G is the Green function given by

a+1 a] (1—s)f1 .
[m(l—(l—ﬂwﬂ“—(t—sw% if 0<s<t<1,

G(ts) = (3.2)
a+1 (1—s)F~1 .
= (- -9t e Gy if 0<t<s<l.

Proof. (i) First we prove the necessity. We apply the right fractional integral If _ defined by
(2.1b) on equation (1.1a), using (2.5b) and (1.1c), we obtain

“Dyox(t) =10 f(t,x(t), (33)

and we apply the left fractional integral J§, defined by (2.3a) on (3.3), using (2.5a) and
(1.1b) we get

1
x(t) = [ xdr I f (o (0).
On the other hand, using (2.1b) and (2.3a), we obtain

JE I (tx (b)) = ﬁ /Ot (b= 1P f (r,x (1)) dr
- F(loc) /Ot (t=r)*" _/rl (1—S)ﬁlf(s,X(s))ds] dr
1 t a1 [ [t B 1 B
s =T [ A= fer e dst [ =9 (s (s)) ds | dr
_ L —Va*l-t — )P (s,x (s)) ds| dr
g L [ a9 s ) as)

i [0 [ a0 o) s ar

and with Fubini theorem, we get

J& TP F (8 x (1) = ﬁ/of </OS (f_r)“‘ldr) (1= P71 £ (5,x (5)) ds

tt ) (f 0= ar) 4= e
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— ﬁ /Of (B = (t=5)) (1 —=s)Ff " f(s,x(5))ds
1
+ - (a1+ 5 /tzx (1= )P £ (s,x (5)) ds

t

= r(%ﬂ) [/01 £ (1—s)P1 f(s,x(s))ds —/O (t—s)*(1—s)P 1 f(sx (s))ds] ,

wich yields

’)// dt—|— 1) [/Olt“ (1—5)5_1f(s,x(s))ds—/0t (t—s)" (1—s)ﬁ_1f(s,x(s))ds}

(3.4)
Now, we integrate (3.4) on [0, 1] in both sides and using the Fubini theorem, we get

(1—7)/01x(t)dt:ﬁ/ol Uolt“(1—s)ﬁ—1f(s,x(s))ds]dt
—r(%ﬂ)/l [/t(t—s) (1—s)P1F(s,x (s))ds}dt
r(a+1 / t“dt/ ¥ (s))ds
1

_m/o [/ (t—s)" dt] (1= P71 f (s, (5)) ds

= ﬁ /01 [(1 —s)P T (1— s)“+ﬁ] f(s,x(s))ds. (3.5)

Substituting (3.5) into (3.4) yields

x(t):/ot{(l_v)'*(wl) (1- =5y ) +1— e _s)ﬂ (;(—aizﬁl_;f(s,x(s))ds

o[ [istan o0 o] S

— /OlG(t,s)f(s,x(S))dS,

and thus the necessity is proved.
(ii) Now, let x € E be the solution to the nonlinear homogeneous Fredholm integral equa-
tion (3.1). Let us first show that x satisfies the boundary condition (1.1b). From (3.1),
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(3.2) and Fubini theorem, we obtain
1 1
—7/0 x(t)dt:/o G(0,5) f (s,x (s)) ds
_7/1[/ths ds—l—/ ds| dt
—/ ))ds
—'y/ {/ (t,s) dt+/ (t,s) dt] (s)) ds.

On the other hand and from (3.2), we have

! v(1-5s) - «
/S Glts)at = = (-9 = (11— 9]

1

T2

- - (1 -8 (1 -s)P

and
1

s Ys - o+ ® -
/O G19)dt = T T T (=P~ = (1—5)"*#] B et +1(1 _g)f 1,

Substituting (3.7) and (3.8) into (3.6), using (3.2) we obtain

—’y/olx(t)dt:/OlG(O,s)f(s,x(s))ds

sy / - a9 ) ds

(3.6)

(3.7)

(3.8)

S (1-T
1
—/ ds—/ G (0,s) f (s,x(s))ds =0.
0
Now, we show that x € E satisfies the boundary condition (1.1c). Using (3.1), (3.2) and
(2.2) we get
Dyr(1) = g [ (L—5) " ()
o+ X Ta—a) Jo s s

_ ﬁ/ol (1—s)" /O%—f (s,7) f (r,x (r)) drds

+ﬁ/1(1—s)_“/slaaf (s,7) f (r,x(r))drds

H// =97 [t = 0 ) s

1—oc / / (1—3)" tsto H r)ﬁilf(i’,X(r))drds
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l—zx / / st r)ﬁilf(f’,x(r))drds
r(1_(x)/0 /0 (=) (s=r)* (A=)’ f(r,x(r))drds.

Using Fubini theorem, we obtain

“Dyix (1) = (@) 1"1(1 Y {/01 (1—-s)" s“lds} {/01 (1=r)PL f(r,x (r))dr

T (a) rl(l — ) /01 [/rl (1—s)%(s—r)" ds] 1=1)P L f@r,x(r))dr.  (3.9)

Using the relation between the beta and Euler gamma functions, see [17, p.26], we have

1
B(a,B) = / (1—s)" 1P lds = %, (3.10)
and using the change of variable y = 3=, we obtain
/ (1—s)"" (s—r)"‘*1 ds=B(a,1—ua). (3.11)

From (3.9), (3.10) and (3.11) we obtain (1.1c).
It remains to show that x € E satisfies the equation (1.1a). From (2.2), (3.1), (3.2) and
Fubini theorem we get

‘Dyix (t) = 11 m—y /t /S t—s) " s"‘*1 — (s—r)"‘_l] (1 —r)ﬁ_lf(r,x(r))drds

1—zx // st r)ﬁflf(f’,X(r))drds
1—ac // (t—s) """ L (1 =r)P £ (r,x (r)) drds
r<1 // t=s)"" (s = )" (A=) f (r,x (r)) drds

- r<a)r1<1_a>/o P (e (L

“rmrasah ]9 e 00 e e

Using the change of variables u = $ and y = 3=}, we obtain

t ¢
/ (t—s) %" lds = / (t—s) " “(s—r)"'ds = B(x,1—a). (3.13)
0 r
From (3.12), (3.13) and (3.10) we obtain

“DE, x (f) = /O YA P (2 (1) dr — /0 A= x () dr. (3.14)
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By applying the right conformable derivative defined by (2.6b) in both sides of (3.14),
we obtain (1.1a). This completes the proof.

Now, we prove a several important properties of the Green’s function G in (3.2).

Lemma 3.1. Forallt € |0,1] and s € [0,1 [, we have
(1) G (t,5) > 0.
(2) t*G(1,5) < G (t,5) < G(1,s).
0,1]

Proof. (1) Forall t € | and from (3.2), we have:

G (s) 1 (= (t=9)"") -9 if 0<s<t<1,

ot I'(«)

11— )Pt if 0<t<s<l.

Clearly that aGa(f's) >0forallt € |0,1]and s € [0,1 [, then G (t,s) is increasing with

respect to t € |0,1]. Therefore, forall t € |0,1] and s € [0,1 [, we have
_ Y a1 p—1
> - - - - .
G(t;s) > G (0,s) [(1_7)““2) (1 (1-s) )] 1-5P%"1>0
(2) Using the increasing of the Green'’s function G (t,s) with respect to t, we obtain for all
te]0,1]ands € [0,1],

G(ts)<G(l,s) = I‘(ucl-l—l) [(1 _7)7(%1) (1— (1—5)““) +1-(1 —s)“} (1—s)f 1.

On the other hand, From (3.2) we have

4 —s -1 ®(1—g B—1 s )
St 1 o] 5 1] e

G(ts)—t'G(l,s) =

consequently, t*G (1,5) < G (t,5) < G (1,s).

3.2. Existence of positive solution. In this subsection, we prove the existence of positive so-
lution of the MFBVP (1.1a)-(1.1c). To this end, let (3, € E is the bounded open subset defined

by
Q,:={x€E, |x|<r, r>0}
and P is the cone defined by
P:={x€e€E x(t)>t"|x|, t€]0,1]}.
Furthermore, define the operator 7 : E — E such that

Tx(t) = /01 G (t,5) f (s,x(s)) ds, (3.15)
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where G defined in (3.2). The operator 7 has the following properties.
Lemma 3.2. We have
1) T(P)CP

(2) The operator 7 : P — P is completely continuous.
Proof. (1) Let x € P. From Lemma 3.1, we have

1
Tx(t):/o G(t,s) f (s,x(s)) ds
> t"‘/OlG(l,s)f(s,x(s))ds

>t 1G t d
>t [ 16 (ts)f (s (s)) .
Then, for all t € [0,1] we have
1
Tx(t) > t“trél[oaj(]/o G (,5) f (s,x (s))ds = £ || Tx]|.

Hence 7x € P.
(2) Let O C P be bounded defined by

Q:={xeP:|x|<M M>0}.
Define now

L :: max t,x
M te[0,1] xEQf( )

Then, for all x € () we have

| Tx|| = max /1 G (t,s) f(s,x(s))ds < Ly /01 G (1,s)ds,

te[0,1]

which implies that 7 (Q) is bounded in P.
For each x € (), we have

T2 )] = | [ 52 15) F (s, (5)) s

- ‘% /ot (=) T (1= 9)P T f (s x(5) ds

r<1a> [et -t lsx (e as
el A B ICRIOIT
- m/o (t—s) T (1=s)P 1 f(s,x(s))ds

Ly [ - Ly [t .
SF(];I)/O (1—s)P 1ds+TA;I)/O(t—s) Yds

_|_
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< (“+/5)LM.
— Br(a+1)

As consequence, for all ty,tp € [0,1], t; < tp, we have

_ /" / & ' («+pB) Ly |t2 — 1|
() (12) = (Tx) ()] = | [ (7Y (9)ds| < [7|(T)' (5)| s < et Bt
Then, |Tx (t2) — Tx(t1)] = 0 as t; — t» which implies that the set 7 (Q) is equicon-

tinuous.
Now, from Arzela-Ascoli theorem, see [2], we conclude that T (()) is compact, i.e.,
T : P — P is a completely continuous operator.

We give some important notations as follows:

t

9 = lim maxf(t'x),f"o: lim maxf('x),
x—0tel0,1] X x—toote0,1] X
t

fo = lim minf(t’x),fooz lim minf('x),
x—=0tef0,1] X x—+0otel0,1]] X

1 1-p
Al :/ G (1,5)ds, Az :p“/ G (1,5)ds.
0 P

where p € ]O,% [ and the function G is defined as in (3.2). Now, we give the second main

result.
Theorem 3.2. Assume that one of the three following conditions
(i) There exists r, > r1 > 0, such that Vx € [ry, 2], Vt € [0,1] : 2L < f(t,x) < 2.
(ii) A1f° < % and Apfeo > 2.
(it) Aofo >2and Aqf® < 1.
is fulfilled. Then, the MFBVP (1.1a)-(1.1c) has at least one positive solution.

Proof. (i) Letx € PNy, ie, x € Pand ||x|| = r;. Using Lemma 3.1, we get

| T x|| = max /01 G (t,s) f(s,x(s))ds > /01 G (t,s) f(s,x(s))ds

t€[0,1]
1
> t"‘/o G (1,8) f (s,x (s)) ds

1
> —t"‘/ G (1,s)ds
2 0

P 1-p
1 [/ G(l,s)ds+/ G(1,s)ds +
2 0 P

1
G(1,s) ds]
1-p
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AN e
ZA_<_) p"‘/ G(1,s)ds, t € [p,1—p]
2 P

1- P
> Azp / G(1,s)ds =r.
then || 7x[| > [[x||.

For x € PN0dQYy,, ie., x € P and ||x|| = r, using Lemma 3.1, we get

Tx(t):/OlG(t,s)f(s,x(s))ds§/01G( s) f (s, x ds<—/ (1,5)ds = 1y,

then, ||7x| < ||x||. Applying Theorem 2.2 yields that 7 has at least one fixed point
x €PN (ﬁrZ\er) with r; < ||x|| < rp. It follows from Theorem 3.1 that the MFBVP
(1.1a)-(1.1c) has at least one positive solution x.

(ii) From the definition of f, there exists r; > 0, such that

1
f(tx) < (fo +e> x, forall t€[0,1], 0 < x <ry, where ¢ > 0 satisfies Aje < 5

Let x € PN0Qy,, ie, x € Pand ||x|| = r;. Using Lemma 3.1 we obtain
1

Tx(t):/OlG(t,s)f(s,x(s))dsg/O G (1,5) f (s,x (s)) ds
< <f0+s> /OlG(l,s)x(s)ds

< (f+e) Hx||/01G 1,5) ds

< A1 (fO+e) Il
< |Jlx|.

Consequently, || 7 x|| < ||x]|.
By the definition of f., there exists r3 > 0, such that

f(t,x) > (fo—e)x, forall te[0,1], x > r3, where ¢ > 0 satisfies Aye < 1. (3.16)
Let x € PN0Qy,, ie., x € P and ||x| = rp with r; = max {2r,p"*r3}. We have
x(t) >t ||x|| = p%rp > 13, fort e [p,1—p],
and hence, by the inequality (3.16)
f(t,x)> (fo—e€)x, fortefp,1—p], x € PNy, and Are < 1.

Using Lemma 3.1, we have

1T = max /01 G(t,5) f (s,x(s)) ds

te[0,1]

2/01G(t,s)f(s,x(s))ds
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1
> t“/ G (1,5) f (s,x (s)) ds
0

1—p?
Zt“/ G(Ls)f(s,x(s))ds, 0<p<1/2
p

2
2

> 1 (fo —é) /pi_p G(1,5)x (s)ds

tZa 2 17‘02
> e =) el [, 7 G (1,9 ds

> Ag (foo — ) ]|
> |||

From Theorem 2.2 the operator 7 has at least one fixed point x € P N (Qy,\Qy,) with
r1 < ||x|| < rp. It follows from Theorem 3.1 that the MFBVP (1.1a)-(1.1c) has at least one
positive solution x.

(iii) From the definition of fy, there exists r; > 0, such that

f(t,x) > (fo—e)x, forall te[0,1], 0 < x <ry, where e > 0 satisfies Ape < 1.

Let x € PN0QYy,, ie, x € P and ||x|| = r;. Using Lemma 3.1, we obtain
17X [ G t5) (5, ()
> t“/olG(l,s)f(s,x(s))ds
zt“(fo—s)/olG(l,s)x(s)ds

1
> 2 (fo—e) x| [ G (1,s)ds
20 1—02

> i (=) Ixle™ |

pz
> A2 (fo—e) x|
> [|x]| .

0
G(1,s)ds, t € [p,1—p]

By the definition of f*, there exists r4 > 0, such that
ftx) < (f°+¢)x, forall t€[0,1], x > ry, where € > 0 satisfies Aje < 1/4.
it follows that there exists § > 0, such that

0 = max f (t,rq), forall te€[0,1].
te[0,1]

Then
f(t,x) < (f°+e)x+4, forall te[0,1], x > ry4.
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Let x € PNdQDy,, ie, x € P and ||x|| = r, with r, = max{2r, 20A;}. Using
Lemma 3.1, we get

—_

VAN
S— 5— 5—

Tx(t) G (t,s) f(s,x(s))ds
G (1,s) f(s,x(s))ds

G(Ls)[(f°+e)x(s)+d]ds

IA

1 1
g(f°°+g)/ G(l,s)x(s)ds+(5/ G(1,5)ds
0 0
< AL+ o) x4+ 6
IEdl
< 20
=55 + 0/
[x]| |,
< M2y T2
- 2 +2
< x|

Consequently, || 7x|| < ||x[|. Applying Theorem 2.2 yields that 7 has at least one fixed
point x € PN (Qrz\er) and Theorem 3.1 ensure that the MFBVP (1.1a)-(1.1c) has at
least one positive solution x.

By the two and three parts of Theorem 3.2, we directly obtain the following corollary.

Corollary 3. Assume that one of the two following conditions
o f=0and foo = +
o fo=+ocand f* =0.
is fulfilled. Then, the MFBVP (1.1a)-(1.1c) has at least one positive solution.

Example 1. Consider the following MFBVP
D (cDE x) (1) = f(t,x (), 0 <t <1, 617
x(0) = [} x (t)dt, “DF x (1) =0, '
wherea = =7 =1/2.

o If f(t,x) = (1+1t)xIn(1+ x), we have
0 — lim max fltx) _ 0 and feo = lim min flbx) _ +oc0.
x—=0tel0,1] X x—+ote(0,1] X

Thus, by the first part of Corollary 3, we can get that the problem (3.17) has at least one
positive solution.
o If f(t,x) = (2t+1)e *cosx, we have
f(tx)

t, 0 .
fo = lim min ftx) = 400 and f = lim max =0,
x—0t€[0,1] X x—+00te(0,1] X
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then by the second part of Corollary 3, we can get that the problem (3.17) has at least
one positive solution.

3.3. Uniqueness of positive solution. In this subsection, we give the third main result.

Theorem 3.3. Assume there exists L > 0 such that
|f (t,x)— f(t,y)| < L|x—y|, foralmostevery t € [0,1] and all x,y € P. (3.18)
If
0< LA <1, (3.19)
then, the MFBVP (1.1a)-(1.1c) has exactly one positive solution in P.

Proof. Let x,y : [0,1] — Ry, x # y, two positive solutions of the MFBVP (1.1a)-(1.1c). Using
(3.18) and Lemma 3.1, we get

ITﬂﬂ—7yGH</4GG®Kf@x@»—f@ﬂ@»H%

<L / (1,s) |x(s) —y(s)|ds
< LAy fx =yl
Consequently, || 7x — Ty|| < LAq ||x —y||. By the condition (3.19), the operator 7 is a strictly

contraction. From Theorem 2.1 and Theorem 3.1, the MFBVP (1.1a)-(1.1c) has exactly one
positive solution in P.

3.4. Ulam-Hyers stability. In this subsection, we give the fourth main result which concerning
the various types of Ulam-Hyers stability for the MFBVP (1.1a)-(1.1c).

Theorem 3.4. Suppose f : [0,1] x R — Ry is continuous and satisfying (3.18) and (3.19).

Then, we have

(i) The MFBVP (1.1a)-(1.1c) is Ulam-Hyers stable and consequently generalized Ulam-
Hyers stable.

(i) If ¢ : [0,1] — R is differentiable and increasing function such that ¢ (0) # 0, then the
MEFBVP (1.1a)-(1.1c) is Ulam-Hyers-Rassias stable. Further the MFBVP (1.1a)-(1.1c) is
generalized Ulam-Hyers-Rassias stable.

Proof. (i) Let y € E be any solution of the inequality (2.7), then by Remark 2, we have
DI (Di.y) (1) = f(Ly (D) +w (b), t€[0,1].

Using Theorem 3.1, we can write
1 1
y(t) = /O G(t,5) f (s,y(s))ds + /0 G (t,5)w (s) ds,
which gives

‘y(t)—/OlG(t,s)f(s,y(s))ds < Age. (3.20)
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Now, let x € E be a unique solution of the MFBVP (1.1a)-(1.1c), from Lemma 3.1 we
have for any ¢ € [0, 1]

1
v (t) —x(t)] = 'y(t)—/o G (t5) f (5, (s)) ds
< \y(t) - [[Gt sty )as

/OlG(f,S) (f 5,y (s)) — f (s, x(5))) ds|.

From (3.20), (3.18) and Lemma 3.1 we have
ly — x[| < eAy+ LA [ly — x|,

+

which further implies
|y — x[| < Ag,

where A = - L i 0. Then, the MFBVP (1.1a)-(1.1c) is Ulam-Hyers stable. Moreover,

if we set 6 (¢) = As then the MFBVP (1.1a)-(1.1c) is generalized Ulam-Hyers stable.
(ii) Let y € E be any solution of the inequality (2.9), then by Remark 2, we have

D (‘D) (1) = f (Ly (1) + @ (1), t € [0,1].
Using Theorem 3.1, we obtain

y(t):/OlG(t,s)f(s,y(s))ds—i—/OlG(t,s)CI)(s)ds.

From Remark 2, we have

v [ fy@nis| < [[Go@E)

), &
<lfe

| /\

5)ds + / } . G621

¢ : [0,1] = Ry is increasing function, then by Lemma 3.1 we obtain

T tG;(;,f)(sg) éﬁ(g } = /Ot G(ts)p(s)ds < ¢ (t) /0 e (1,5) ds (3.22)
and
o= 152,2;2%?&; } = /tl G(t,s)p(s)ds < ¢(1) /tl G (1,s)ds. (3.23)

From (3.21),(3.22) and (3.23), we obtain

'y(t)—/Olcu,s)f(s,y(s))ds <clo® [candsron

1

G(1,s) ds] . (3.24)
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Let y : [0,1] — Ry be a function defined by:

u(t)= go(t)/(fG(l,s)ds—k(p(l)/th(l,s)ds—%/\ﬂp(t).

The function y is differentiable on |0,1[ and for all t € |0,1[, we have

L — o * ¢ (1)
W0 =o' 0] [ 69— LEN] + o0 -em)can.

¢ is differentiable and increasing, then y’ (#) < 0. On other hand, we have u (0) = 0.
Then, from (3.24) we obtain

y(0) - [ G0 f () ds

Let x € E be a unique solution of the MFBVP (1.1a)-(1.1c), from Lemma 3.1 we have
1

ly (8) —x ()] = |y (t) - /O G(t,s) f(s,x(s))ds
1

<= [[castEas

1
| G 3 (F sy () — f (s,x () ds
From (3.25), (3.18) and Lemma 3.1 we have
Iy — [ < ceq (1),

where ¢ = Uf%&m) > 0. Then, the MFBVP (1.1a)-(1.1c) is Ulam-Hyers-Rassias sta-
ble. Consequently, From Remark 1 the MFBVP (1.1a)-(1.1c) is generalized Ulam-Hyers-

Rassias stable, which completes the proof.

< 2Wp o). (3.25)

+

3.5. Examples. In this subsection, we present two examples to explain the applicability of the
stability results.

Example 2. Consider the following MFBVP
DY (eDg ) (1) = =D, 0 <t <1,

1- t+3

3.26
x(0) = %/le(t) dt, “DY/2x (1) = 0. (326

The function f (¢, x (t)) = cosxlh)) jg continuous for any t € [0,1] and any x > 0. Then, we have

t+3
1 —
If (t,x) = f(ty)] < %\x—yl, L= % A :/0 G(1,s)ds = %%and LA ~ 071 < 1.

From Theorem 3.3, the MFBVP (3.26) has exactly one positive solution x on [0, 1].
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Now, let y € E be a solution of inequality

‘fD(l/Z) (chl)J/rZy> (t) _ M‘ <eg te [0,1]’

- t+3
then, by Theorem 3.4 the MFBVP (3.26) is Ulma-Hyers stable with
A A 84-9ynm 0.

= = >
1—-LA;  21y/m—28
On the other hand, consider the inequality

r t+3
where ¢ (t) = ¢!. By Theorem 3.4 the MFBVP (3.26) is Ulam-Hyers-Rassias stable with

(MM _(M—9Jae>0
 (1—-LA)@(0) 21/ —28 '

Example 3. Consider the following MFBVP

D[ (sDy2y) (- YD <ep (o), te 1),

(0.8) 2 _x(®
Dl* (CD8+JC2 (t) == m, 0<t< 1, (3 27)
x(0) = %/0 x () dt, “DY2x (1) = 0.
The function f (t,x (t)) = —*__ s continuous for any t € [0,1] and any x > 0. Then, we

117et+x(t)
have

1
F(bx)—f(ty)| < % =yl L=1/1and At = [ G(1,5)ds ~ 33,63 and LA, ~ 097

From Theorem 3.3, the MFBVP (3.27) has exactly one positive solution x on [0, 1].
Let y € E be a solution of the inequality

(08) (c1y02 _ y(t)
D <1zﬁy)(w IIEZ??JGS‘Se’tE[Qly

Using Theorem 3.4, the MFBVP (3.27) is Ulma-Hyers stable with

~ 1121.

Let y € E be a solution of the inequality

D§0;8) (@8@) (t) — %’ <ep(t), tel0,1],

where ¢ (t) = ¢!. By Theorem 3.4, the MFBVP (3.27) is Ulam-Hyers-Rassias stable with

c= M: e
A(p(O) Ae > 0.
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4. Conclusion

In this paper, we present some results about existence, uniqueness and Ulam-Hyers stability
of positive solution of nonlinear mixed fractional differential equations with integral boundary
conditions by using Guo-Krasnoselskii’s fixed point theorem and Banach’s contraction map-
ping principle. We discuss various types of Ulam-Hyers stability. This study may be provide a
new way for the researchers to discuss interesting problems in the mathematical analysis area.

Acknowledgments

The authors would like to thank the referee for his/her careful reading and valuable com-
ments, which greatly improved the paper. This research work is supported by the General
Direction of Scientific Research and Technological Development (DGRSDT)-Algeria.

References

[1] ABDELJawAD, T. On conformable fractional calculus. J. Comput. Appl. Math. 279 (2015), 57-66.
[2] AcarwaL, R., MEEHAN, M., AND O'REGAN, D. Fixed Point Theory and Applications. Cambridge University
Press, Cambridge, 2001.
[3] AEMAD, B, NTOUYAS, S., AND ALSAEDI, A. New existence results for nonlinear fractional differential equa-
tions with three-point integral boundary conditions. Adv. Differ. Equ. 2011, 1 (2011), 107384.
[4] ABMAD, B., NTOUYAS, S., AND ALSAEDI, A. Existence theory for nonlocal boundary value problems involving
mixed fractional derivatives. Nonlinear Anal., Model. Control. 24, 6 (2019), 937-957.
[5] ALy S., SHAH, K., KHAN, H., ARIF, M., AND MAHMOOD, S. Monotone iterative technique and ulam-hyers sta-
bility analysis for nonlinear fractional order differential equations with integral boundary value conditions.
Eur. |. Pure Appl. Math. 12, 2 (2019), 432-447.
[6] ArsuLami, H., NTouyas, S., AND AHMAD, B. Existence results for a riemann-liouville-type fractional multi-
valued problem with integral boundary conditions. J. Funct. Spaces Appl. 2013 (2013), 1-7.
[7] ArHITHANA, A., NTOUYAS, S., AND TARIBOON, ]. Existence and ulam-hyers stability for caputo conformable
differential equations with four-point integral conditions. Adv. Difference Equ. 2019, 1 (2019), 139.
[8] ATmANIA, R., AND BouziTOUNA, S. Existence and ulam stability results for two-orders fractional differential
equation. Acta Math. Univ. Comenianae 88, 1 (2019), 1-12.
[9] CaBapa, A., AND WANG, G. Positive solutions of nonlinear fractional differential equations with integral
boundary value conditions. |. Math. Anal. Appl. 389, 1 (2012), 403-411.
[10] CABALLERO, ]J., CABRERA, I., AND SADARANGANI, K. Positive solutions of nonlinear fractional differential
equations with integral boundary value conditions. Abstr. Appl. Anal. 2012 (2012), 1-11.
[11] CrATZARAKTS, G., DEEPA, M., NAGATJOTHI, N., AND SADHASIVAM, V. Oscillatory properties of a certain class
of mixed fractional differential equations. Appl. Math. Inf. Sci. 14, 1 (2020), 109-117.
[12] DemLING, K. Nonlinear Functional Analysis. Springer, Berlin/Heidelberg, 1985.
[13] DierHELM, K. The Analysis of Fractional Differential Equations. Springer, 2010.
[14] Guo, D., AND LAKSHMIKANTHAM, V. Nonlinear Problems in Abstract Cones. Academic Press, 1988.
[15] Houas, M., aND Bezziou, M. Existence and stability results for fractional differential equations with two
caputo fractional derivatives. Facta. Univ. Ser. Math. Inform. 34, 2 (2019), 341-357.
[16] KHALIL, R.,, HORANI, M. A., YOUSEF, A., AND SABABHEH, M. A new definition of fractional derivative. J.
Comput. Appl. Math. 264 (2014), 65-70.
[17] KiLBAs, A., SrivasTAvVA, H., AND TRUJILLO, ]. Theory and Applications of Fractional Differential Equations. Else-
vier: Amsterdam, The Netherlands, 2006.



A NEW CLASS OF MIXED FRACTIONAL DIFFERENTIAL EQUATIONS 247

[18] Lakoup, A., KuALDI, R., AND KiLicMAN, A. Existence of solutions for a mixed fractional boundary value
problem. Adv. Difference Equ. 2017, 1 (2017), 164.

[19] L1, M., WaNG, ]., aND O’REGaAN, D. Existence and ulams stability for conformable fractional differential
equations with constant coefficients. Bull. Malays. Math. Sci. Soc. 42, 4 (2019), 1791-1812.

[20] Mao, J., AND ZHAO, D. Multiple positive solutions for nonlinear fractional differential equations with integral
boundary value conditions and parameter. |. Funct. Spaces 2019 (2019), 1-11.

[21] Mermoop, N., AND AHMAD, N. Existence results for fractional order boundary value problem with nonlocal
non-separated type multi-point integral boundary conditions. AIMS Mathematics 5, 1 (2019), 385-398.

[22] MENG, S., AND Cui, Y. The extremal solution to conformable fractional differential equations involving inte-
gral boundary condition. Mathematics 7, 2 (2019), 186.

[23] MENG, S., AND Cur, Y. Multiplicity results to a conformable fractional differential equations involving integral
boundary condition. Complexity 2019 (2019), 8.

[24] Ntouyas, S., ALsAEDI, A., AND AHMAD, B. Existence theorems for mixed riemannliouville and caputo frac-
tional differential equations and inclusions with nonlocal fractional integro-differential boundary conditions.
Fract. Fract. 3, 2 (2019), 21.

[25] Poprusny, L. Fractional Differential Equations. Academic Press, New York, 1999.

[26] RUS, I. A. Ulam stability of ordinary differential equations. Stud. Univ. Babes-Bolyai, Math. LIV, 4 (2009),
125-133.

[27] Samxko, S., KiLBAs, A., AND MARICHEV, O. Fractional Integral and Derivatives (Theory and Applications). Gordon
and Breach, Switzerland, 1993.

[28] Sun, Q., J1, H., aND Cuy, Y. Positive solutions for boundary value problems of fractional differential equation
with integral boundary conditions. J. Funct. Spaces 2018 (2018).

[29] SuN, Y., AND ZHAO, M. Positive solutions for a class of fractional differential equations with integral boundary
conditions. Appl. Math. Lett. 34 (2014), 17-21.

[30] WAaNG, J., Ly, L., AND ZHOU, Y. Ulam stability and data dependence for fractional differential equations with
caputo derivative. Electron. |. Qual. Theory Differ. Equ. 63 (2011), 1-10.

[31] Wu, ], ZuANG, X, L1y, L., Wy, Y., AND Cuy, Y. The convergence analysis and error estimation for unique
solution of a p-laplacian fractional differential equation with singular decreasing nonlinearity. Bound. Value
Probl. 2018, 1 (2018), 82.

[32] Xu, Y., aND HE, Z. Existence of solutions for nonlinear high-order fractional boundary value problem with
integral boundary condition. J. Appl. Math. Comput. 44, 1-2 (2014), 417-435.

[33] ZrANG, H. Iterative solutions for fractional nonlocal boundary value problems involving integral conditions.
Bound. Value Probl. 2016, 1 (2016).

[34] ZuaNG, X., L1y, L., WIWATANAPATAPHEE, B., AND WU, Y. The eigenvalue for a class of singular p-laplacian
fractional differential equations involving the riemannstieltjes integral boundary condition. Appl. Math. Com-
put. 235 (2014), 412-422.

[35] ZHAoO, Y., YE, G., , AND CHEN, H. Multiple positive solutions of a singular semipositone integral boundary
value problem for fractional-derivatives equation. Abstr. Appl. Anal. 34 (2013), 17-21.

[36] ZHENG, A., FENG, Y., AND WANG, W. The hyers-ulam stability of the conformable fractional differential
equation. Mathematica Aeterna 5, 3 (2015), 485-492.

[37] ZuONG, W., AND WANG, L. Positive solutions of conformable fractional differential equations with integral
boundary conditions. Bound. Value Probl. 2018, 1 (2018), 137.



	1. Introduction
	2. Preliminaries
	3. Main results
	3.1. Equivalence problem
	3.2. Existence of positive solution
	3.3. Uniqueness of positive solution
	3.4. Ulam-Hyers stability
	3.5. Examples

	4. Conclusion
	Acknowledgments
	References

