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Log m-Convex Functions
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ABSTRACT. In this research we lay the concept of log m-convex functions defined on real intervals contain-
ing the origin, some algebraic properties are exhibit, in the same token discrete Jensen type inequalities and
integral inequalities are set and shown.
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1. Introduction

Logarithmically convex (log-convex) functions are of interest in many areas of mathematics and science. They
have been found to play an important role in the theory of special functions and mathematical statistics [10, 12].
In this paper we introduce the concept of log m-convex function as combination of the well known definitions
of m-convex and log-convex functions, some examples are shown. At the same time, we exhibit basic algebraic
properties of this new type of functions same as integral inequalities of Hermite-Hadamard type, we recall them
[4, 11, 12] and references therein.

Definition 1. ([1, 2, 12]) A function f : I — (0, +c0), I an interval, is said to be log-convex or multiplicatively
convex if log f is convex, or, equivalently, if for all x,y € I and t € [0,1] one has the inequality:

fltx+ (1= 1y) < FEI T (11)
When we work on m-convexity, almost always, it is necessary to know the concept of m-convex set.

Definition 2. ([9])A subset D of a real linear space X is said to be m-convex if, for all x,y € D and for all ¢ in the
interval [0, 1], the point tx 4+ m(1 — t)y also belongs to D.
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In [9, Theorem 2.6] it was proved that a subset D C X containing 0 is m-convex if and only if conv ({0, X, m%_l (x+y) }) |
{0} C D for all x,y € D, where conv denote the convex hull. From this result, is not hard to prove that if I is an
interval, such that 0 € I, then I is an m-convex set. So, it has sense de following

Definition 3. ([4, 7]) A function f : I = R, I an interval and 0 € [, is called m-convex, 0 < m < 1, if for any
x,y € I and t € [0, 1] we have

fltx+m(1—=t)y) < tf(x) +m(1—1)f(y).
Our definition, and key part of this work, runs as follow.

Definition 4. A function f : I — (0, +c0), I an interval and 0 € I, is called log m-convex, 0 < m < 1, if for all
x,y € I and t € [0,1] one has

fltx+m(1=by) < [FF L))", (12)

If m = 1, we recapture the concept of log-convex function defined on I, given in Definition 1.

Just as it is stated in Definition 1, some authors indifferently use the terms log-convex or multiplicatively
convex to define the functions which verify (1.1). Nevertheless, in our context, we consider the multiplicative
convexity as follows.

Definition 5. A function f : I — (0, +c0), I an interval and 0 € I, is called multiplicatively m-convex, 0 < m <1,
if forall x,y € I and t € [0, 1] one has

f (") < ). (1.3)
Remark 6. It is not difficult to verify that the log m-convexity of f is equivalent to the m-convexity of log f.

Remark 7. It is important to point out that (1.2) is equivalent to

fmtx+ (1= t)y) < [F@I™ [F))" Y, (1.4)
with x,y and t as before.

From now on [ always will be an interval containing zero unless other thing is stated.

Remark 8. The following properties of a log m-convex function f are a direct consequence of (1.2).
(1) f(my) < [f(y)|™, ift =0in (1.2).
(2) f(tx) < [FCO), if m = 0 in (1.2).
(3) By taking x =y = 0in (1.2), and m # 1, we have £(0) < [£(0)]*™(1=1). So,1og £(0) < (t+m(1—1t))log f(0),
orlog f(0)[1 — (t+m(1—1t))] <O0.Sincel — (t+m(1—t)) >0, it follows that log f(0) < 0. Therefore, if f
is log m-convex, necessarily f(0) < 1. This fact, in turn, implies (by taking y = 0 in (1.2)) that f(tx) < [f(x)]!

holds for any m € [0,1). This property is the equivalent to be starshaped of the m-convex functions ([8]).

Example 1. The function f : I — (0, +00), given as f(x) = e*, is log m-convex, but for m # 1, f is not an m-convex
function (since f(0) £ 0, [6]). This fact shows a difference between log m-convexity and the usual log-convexity,
since log-convexity implies convexity ([12]), while the converse is not always true as this function indicates.

2. Basic Properties and Examples
It is well known that the sum of log-convex functions is also log-convex ([12]). However, the sum of log
m-convex functions is not necessarily log m-convex, as the next example shows.

Example 2. If f(x) = e*, then (f + f)(x) = 2¢*, and (f + f)(0) = 2. Thus, by Remark 8, f + f is not a log
m-convex function.

Proposition 9. If f : [ — (0, 4c0) is a log m-convex function, and 0 < a < 1, then af is log m-convex function as well.
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Proof. Let x,y € I, and t,« € [0,1], and by the log m-convexity of f,
(wf) (b4 m(1 = 1)y) < a (PN F@)"0).

On the other hand 0 < & < 1and t+m(1 —t) <1, hence a+m(1=) > 5 Indeed,
(@) (tx-+m1 =) <0 ([ )"0
< [(af) ()] [(af) ()],

Remark 10. If « > 1 in Proposition 9, the result is not true. Again, we consider the function f(x) = e*; then for « > 1,
(af)(x) = ae® > e* and consequently (af)(0) > 1, so af can not be a log m-convex function by Remark 8.

Proposition 11. If f, g : I — (0, +o0) are two log m-convex functions, so is the product function fg.
Proof. Let x,y € I, and t € [0,1]. Then,
(fe)(tx +m(1 —t)y) = f(tx +m(1 = t)y) g(tx +m(1 = t)y)
I g (0] g ()Y
[(F) @) (£ )™

IN

Example 3. Once again, the exponential function, together with Remark 8, allow us to notice certain aspects
regarding the basic operations of log m-convex functions. This time to check that the composition of log m-
convex functions is not necessarily log m-convex. In fact, if f(x) = e* then (f o f)(0) = e > 1; hence f o f is not
log m-convex. Nonetheless, we have the following result.

Proposition 12. Let f : [ — (0, +o0) be a log m-convex function, and let g : ] — (0, +00) be a nondecreasing multiplica-
tively m-convex function, such that range(f) C J, then go f : I — (0, +00) is log m-convex too.

Proof. Let x,y € I, and t € [0,1], then
glf(ex+m(1 =0y < g (F@I ")
FCNRF{TI)] K

IN

Proposition 13. Let f : I — (0,+o0) be a function. Then

(1) If f is log m-convex, so is (f)* for all « > 0.
(2) If (f)* is an m-convex function for all « > 0, then f is a log m-convex.

Proof. (1) Follows directly from the m-convexity of log f and [4, Proposition 4].
(2) It is not difficult to show that if a real function g is m-convex, so is g — 1. In fact, forall x,y € I and t € [0,1],

gtx +m(l —ty) —1 < tg(x) +m(1—Hg(y) -1
=tg(x) =) +m(1 =1)(g(y) =1) = (1 = £)(1 —m)
<t(g(x) = 1) +m(1-1)(g(y) —1).
Thus, if for all & > 0, f* is m-convex, so is the function (f)!/" —1 for all n € IN. We have then the sequence

{n[(f)"" — 1]} of m-convex functions, which converges pointwise to the function log f; and from [5, Proposition
2.2], log f is m-convex function.

By picking m = 1 in Proposition 13, we have the following.

Corollary 14. Let f : I — (0, +c0). Then, (f)“ is convex for all & > 0 if and only if f is log-convex.



120 T. LARA AND E. ROSALES

We close this section with a couple of discrete Jensen type inequalities for log m-convex functions.

n
Theorem 15. Let tq,...,t, > O0and T, = Z ti. If f : [0, +00) — (0, +o00) is a log m-convex function, with m € (0,1],
i=1

then

m

f(Tln.i“’“) Sfﬂf( X; )}Tl,forallxl,...,xné[0,+oo),

mh—i

Proof. Because the function log f : [0, +c0) — R is m-convex (Remark 6), it follows from [5, Theorem 3.1], that
for all x1,...,x, €[0,4+00),

1

1 & n i :
log f (Tn ; tl-xl-> T, Zm” 'tilog f (m:ﬂ)

IN

i=1
n ) n-ig,
 Eeslr ()]

n

g (H [f<mffw> |

i=1
It only remains to apply the exponential function.
n
Theorem 16. If f : I — (0,+00) is a log m-convex function, then for all ty,...,t, > 0 with Y_t; € (0,1] and all

i=1
X1,...,%X, € I, we have

f (fmlén tixi) < H [ f(xl-)]mlidﬂ i, (2.1)
i=1 i=1

where b;; is the well-known Delta of Kronecker function.

Proof. For m = 1, the result follows by applying the classical discrete Jensen’s inequality to the convex function
log f. For m # 1, the proof goes by induction on n. So, if n = 1, we have f(t;x1) < [f(x1)]"t which is true by
Remark 8.

Let us assume that the result holds for n. )
n+

Now, let xq,...,x,11 € I, and ty,...,t,11 > 0 with Z t; € (0,1]. First of all, if t,, ;1 = 1, then ty,...,t, = 0 and
i=1
hence,

n+1
f (Z m! = tixz‘) = f(mxuy1)
i=1
< [f(xus1)]" (by Remark 8)
= [T,

We assume that t,,1 # 1, and we put

n+1 n
f (Z m!~on tixi> =f ((1 —typ1) Y m O+ mtn+1xn+1> ,
i=1 ‘

i=1

where t) = .
! 1-— tn+1
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n n .
Because I is m-convex and Z t; € (0,1], it follows, from [9, Lemma 3.3], that Z ml o tfx,» € I. Thus, by log
i=1 i=1
m-convexity of f, and in accordance with Remark 7, we have

1*tn+1

n n

f ((1 —tyy1) Y m Ot +mtn+1xn+1> < [f (Zml_ﬁﬂt;xi>1 [f (xpgr )] ™1
i=1

i=1
Therefore, by inductive hypothesis,

n+1 n o 1—ty41
= jl U‘( z)] ilt; [f(xn-&-l)]mtnﬂ
nil 16,
=TTl ™

3. Integral Inequalities

This last section is devoted to set and prove some integral inequalities, which together with the previous
results, show the importance of this topic laid in our research; that is, log m-convex functions defined on intervals
containing zero.

Proposition 17. Let f : [ — (0, +o0) be a log m—convexfunction, O<m<landa,bel,0<a<b,then

1 f( Jdx f(a) = [f(b)]"™
a—mb - logf(a) —log[f(b)]™

Proof.

a 1
/mhf(x)dx - /Of(ta+m(1—t)b)dt
1
< [ U@Ierta

- vor [ «

the conclusion is obtained by performing the above integral.

a—mb

Proposition 18. Let f,g: I — (0, —|—oo) be log m-convex functions, a,b € (0,400),a < b then

/ fx fg(a) — [fg(b)]"
- 10g(fg( a)) —mlog(fg(b))’

a—mb

Proof.

'\ﬁ
/\
\_/
A
v
I

/Olf(ta m(1— )b) g (ta +m(1— t)b) dt

IN

/01 [fg(@))'[fg())" Dt (log m-convexity)

_ [fg(b)]™ fg(a) — [fg(b)]"
log(fg(a)) — mlog(fg(b)) [fg(b)]™m

and inequality follows.
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Proposition 19. For f : [0,4+00) — (0,400) being a log m-convex function with a,b € 1,0 < a < b, the following
inequality holds

1

b—a/abf(x)f(wrb—x)dx < ( ) [fZ(a)_fzm (:1)]
41o

f(a)

)

Proof.

(VAN

N —
S—

—

N
N

s

+

3

o

|
N —
S|l +
N———
N———

By

as desired.

Proposition 20. If G(x,y) = /Xy with x and y positive and f,a,b as in foregoing result and 0 < m < 1 then

. o G(f"(a), £ (b))
| 6 (ttatm(1=0p), fm(1 —Ha+w))dr < (1—m)log G(f(a), f(1)))

<[G(f " (a), f1" (b)) — 1.
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Proof. Because of the log m-convexity of f and for any t € [0,1],
f(ta + m(l — t)b)f(m(] —t)a+ tb) < [f(a)]t+m(17t) [f(b)]i#m(lft),

hence

G (f(ta+m(1 —0b), f(m(1 ~ t)a + b)) < G ([F(@) "0, (b)) +0-0)

Let us name A = fol G (f(ta+m(1—t)b), f(m(1—t)a+tb))dt, now by integrating in both sides of the late
inequality we have

A

IN

m 1 1—m
F@f@n? [ 1fa ) ar

[f(a)f (b)] %

(1—m)log(f(a)f (b))
G(f"(a), f" (b))

(1—m)1og G(f(a), f(1)))

[G(f1 " (a), f17 (b)) = 1].

We need the following result from [3],

Lemma 21. Let f : [ — (0, +o0) be a differentiable function on the interior of I; a,b € I and a < b. If f' € L'[a, b], then
the following equality takes place

b 1
(x—a)f(a)—l—(b—x)f(b)—/a Fluydu = (x—a)2/0 (F—1)f (tx + (1 — t)a)dt
+ (b—x)z/ol(l—t)f’(tx+(1—t)b)dt.

Forthcoming result is inspired on one given in [6].

Theorem 22. If f : [ — (0,+00), 0 € I, is a differentiable function in the interior of I, a,b € I,a < b, f’ integrable on
[a,b] and |f'| is log m-convex function, the following inequality holds

b
(x =) f(a) + (b= x)f(0) = [ Flu)du

<1701 |- T (atog(a) - 1)+ 5 ogim) 1),
N Alog?(A) Blog?(B)
f' ()] f ()l
where A = T B= o and any x € [a, b].
G ()

Proof. By mean of Lemma 21 (taking the modulus) and since |f’| is log m-convex function,
b
(=) f(a) + (b= x)f(0) ~ [ fludu
< (x— a)z/(;l(l —t)|f (tx+ (1 — t)a)|dt + (b — x)Z/(;l(l —t)|f (tx+ (1 — t)b)|dt

<@y [a-oirerlr (2" e
/b
()

m
m(1—t)

Fo-02 [[a-nlf @l it
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T e

(x —a)?

If'(x)]
= i —log | ——~ 1
ot [ L ) LG A G
().
L (B|"
N (b — x)? f (m) 1 (x)] " log M .,
’ AV / AV '
log? |ﬁgnm f(m) f(m)
7 (5
proof concludes by noticing that | f’ (%) ‘m = |f/[(lx)| and |f’ (Z) ! = |f/](3x)|
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