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variational differential inclusion associated to the initial problem.
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1 Introduction

In the last decades the literature provides a huge development of the theory of differential
equations and inclusions of fractional order [5,13,17,19] etc.. This is due, mainly, to the
fact that fractional differential equations are very useful tools in order to model many
physical phenomena. In the fractional calculus there are several fractional derivatives.
From them, the fractional derivative introduced by Caputo in [6] allows to use Cauchy
conditions which have physical meanings.

A Caputo type fractional derivative of a function with respect to another function
[15] that extends and unifies several fractional derivatives existing in the literature like
Caputo, Caputo-Hadamard, Caputo-Katugampola was intensively studied in recent years
in [1-3,9,11,12] etc., where existence results and qualitative properties of the solutions
for fractional differential equations defined by this fractional derivative are obtained.

The present paper is concerned with the following problem

D&Yx(t) € F(t,z(t)) ae. ([0,T]), z(0)€ X, 2'(0) € Xy, (1.1)

© 2022 Aureclian Cernea. This is an open access article licensed under the Creative Commons
Attribution-NonCommercial-NoDerivs License (http://creativecommons.org/licenses/by-nc-nd/3.0/).


http://creativecommons.org/licenses/by-nc-nd/3.0/

Vol. 58 (2022) A Caputo type fractional differential inclusion 13

where o € (1,2], D&Y is the fractional derivative mentioned above, F : [0, T] xR — P(R)
is a set-valued map and Xy, X; C R are closed sets.

Our goal is to obtain a sufficient condition for local controllability along a reference
trajectory for problem (1.1). In order to do this we use the notion of derived cone to
an arbitrary subset of a normed space introduced by M.Hestenes in [15] and successfully
used to obtain necessary optimality conditions in control theory. Other properties of
derived cones (e.g., [18]) are very useful to obtain several results in the qualitative theory
of control systems.

We prove that the reachable set of a certain variational fractional differential inclusion
is a derived cone to the reachable set of the problem (1.1). In order to deduce this property
we need a continuous version of Filippov’s theorem for solutions of fractional differential
inclusions (1.1), recently obtained in [9].

We note that similar results for fractional differential inclusions defined by Caputo
fractional derivative may be found in [7] and for fractional differential inclusions defined
by Caputo-Katugampola fractional derivative are obtained in [8]; therefore, the present
paper extends and unifies all these results (see also [10]).

The paper is organized as follows: in Section 2 we present the notations and the
preliminary results to be used in the sequel and in Section 3 we provide our main results.

2 Preliminaries

The reachable set to a control system is, generally, neither a differentiable manifold, nor
a convex set, its infinitesimal properties may be characterized only by tangent cones
in a generalized sense, extending the classical concepts of tangent cones in differential
geometry and convex analysis, respectively. The next definition may be found in [13].

Definition 2.1. A subset D C R" is said to be a derived set to X C R" at x € X
if for any finite subset {wy,...,wy} C D, there exist so > 0 and a continuous mapping
c(+) : [0, s0]® = X such that ¢(0) = x and c(-) is (conically) differentiable at s = 0 with
the derivative collwy, ..., wg] in the sense that

lim
RE 370 |||

We shall write in this case that the derivative of ¢(-) at s = 0 is given by

k
Dc(0)r = ZTjwj V7 = (11,...,7) € RY :=[0,00)".

i=1

A subset C' C R™ is said to be a derived cone of X at x if it is a derived set and also
a convex cone.

For the basic properties of derived sets and cones we refer to [15]; we recall that if
D is a derived set then D J{0} as well as the convex cone generated by D, defined by
cco(D) = {Zle ANwi; A >0,ke N, wjeD,j=1,..k} is also a derived set, hence
a derived cone.
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The fact that the derived cone is a proper generalization of the classical concepts in
differential geometry and convex analysis is illustrated by the following results in [15]:
if X € R" is a differentiable manifold and 7,X is the tangent space in the sense of
differential geometry to X at z, then T, X is a derived cone; also, if X C R" is a convex
subset then the tangent cone in the sense of convex analysis is also a derived cone. Since
any convex subcone of a derived cone is also a derived cone, such an object may not
be uniquely associated to a point z € X; moreover, simple examples show that even a
maximal with respect to set-inclusion derived cone may not be uniquely defined.

At the same time, the up-to-date experience in nonsmooth analysis shows that for
some problems, the use of one of the intrinsic tangent cones may be preferable. The
most known intrinsic tangent cones in the literature (e.g., [4]) are the contingent, the
quasitangent (intermediate) and Clarke’s tangent cones, defined, respectively, by

K,X={veX;, 3s,—0+, 3z, >z, meX'“m’x%v}
Q.X={veX; Vs,—0+, 3Fz,—=x x,cX: mmx—m;}
C:X ={veX; Y(rm sm) — (z,04), :cmEXEIymGX et — y}

The next property of derived cone, obtained by Hestenes (Theorem 4.7.4 in [15]) and
stated in the next lemma is essential in the proof of our main result.

Lemma 2.1. Let X C R". Then x € int(X) if and only if C = R"™ is a derived cone at
reX toX.

Corresponding to each type of tangent cone, say 7, X one may introduce (e.g., [4]) a
set-valued directional derivative of a multifunction G(-) : X C R™ — P(R") (in particular
of a single-valued mapping) at a point (x,y) € Graph(G) as follows

7,G(z;v) ={w € R";  (v,w) € T(yy)Graph(G)}, v e TE.

We recall that a set-valued map, A(-) : R” — P(R") is said to be a convex (respec-
tively, closed convex) process if Graph(A(-)) C R™ x R™ is a convex (respectively, closed
convex) cone. For the basic properties of convex processes we refer to [4], but we shall
use here only the above definition.

Let T > 0, I :=[0,7] and denote by L£(I) the o-algebra of all Lebesgue measurable
subsets of /. Denote by P(R) the family of all nonempty subsets of R and by B(R) the
family of all Borel subsets of R.

As usual, we denote by C'(I, R) the Banach space of all continuous functions () : I —
R endowed with the norm |z(-)|¢ = sup,e;|z(t)| and by L*(I,R) the Banach space of all
(Bochner) integrable functions z(-) : I — R endowed with the norm |z(-) fo |z(t)|dt.

Consider 8 > 0, f(-) € L'(I,R) and ¥(-) € C™(I,R) such that ¢'(t) > ovitel.

Definition 2.2. a) The ¢ - Riemann-Liouville fractional integral of f of order ( is
defined by

% (1) / F () ((E) — ()P f(s)ds

where T is the (Euler’s) Gamma functzon defined by T(B) = [;7 7~ te~"dt.
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b) The 1) - Riemann-Liouville fractional derivative of f of order B is defined by

1
L(n—p)

DY f(t) = ) | 700 = w6 s

where n = [B] + 1.
c) The 1y - Caputo fractional derivative of f of order [ is defined by

1 (0)

i
L

DZY f(t) = D[ f(t) -

i

0

where fgc] (t) = (ﬁ(t)%)kx(t), n=pifaeN andn=|f]+ 1, otherwise.

We note that if 5 = m € N then DZVf(t) = f@[bm](t) and if n = [8] + 1 then
DEF(E) = mggy Jy W ()W) — ()" [ (s)ds. Also, if (t) = t one obtains

Caputo’s fractional derivative, if ¢(¢) = In(¢) one obtains Caputo-Hadamard’s fractional
derivative ([14]) and, finally, if ¢(¢) = ¢° one obtains Caputo-Katugampola’s fractional
derivative ([16]).

In what follows we need the following technical lemma proved in [2] (namely, Theorem
2 in [2]).

Lemma 2.2. Let a € [1,2) and () € C*(I,R) with ¢'(t) > 0V t € I. For a given
integrable function h(-) : I — R, the unique solution of the initial value problem

D&Yx(t) = h(t) ae. (I), x(0)=mzy, 2'(0)=m

18 given by

£(t) = 70 + 21 ((t) — $(0)) + ﬁ / P ()Wt — (s))* h(s)ds,

Definition 2.3. By a solution of the problem (1.1) we mean a function x € C(I,R) for
which there exists a function h € L'(I, R) satisfying h(t) € F(t,x(t)) a.e. (I), D&Y (t) =
h(t) a.e. (I) and z(0) = xq, 2'(0) = z;.

In this case we say that (z(-),h(-)) is a trajectory-selection pair of (1.1).

Hypothesis H1. (i) F'(-,-) : I x R — P(R) has nonempty closed values and is £(I) ®
B(R) measurable.

(i) There exists L(-) € LY(I,(0,00)) such that, for almost all t € I, F(t,-) is L(t)-
Lipschitz in the sense that

du(F(t,2), F(t,y)) < L(t)|z —y| Yo,y eR,
where dy(-,-) is the Hausdorff distance
d(A, B) = max{d*(A, B),d" (B, A)},d"(A, B) = sup{d(a, B);a € A}.

In what follows a € [1,2) and ¢(-) € C'(I,R) with ¢/(t) >0Vt € I.
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Hypothesis H2. i) S is a separable metric space and a(-),b(-) : S — R, ¢(-) : S — (0, 00)
are continuous mappings.
ii) There exists the continuous mappings z(-) : S — AC(I,R) and ¢(-) : S — R such
that
(Dz(s)&Y (t) = h(s)(t) ae.tel, VseS,

d(h(s)(t), F(t,z(s)(t)) < q(s)(t) aetel, ¥VseS.
Next we use the notations

1

= T 7awy (a(s) = 2(s)(0)] + Tb(s) — (=(s))'(0)] +e(s) + I*%q(s)), s € S,

£(s)

where I*VL := sup,e; [I*YL(t)| and I*%q(s) := sup;e; [I*¥q(s)(t)].

In order to characterize derived cones to reachable sets of problem (1.1) we need the
following parametrized version of Filippov’s theorem for fractional differential inclusion
(1.1) proved in [9].

Theorem 2.3. Assume that Hypotheses H1 and H2 are satisfied.
If |[I*VL| < 1, then there exist a continuous mapping x(-) : S — C(I,R) such that
for any s € S, x(s)(+) is a solution of problem

D&Y u(t) € F(t,u(t)), u(0)=a(s), u'(0)=b(s)

and
lz(s)(t) — z(s) ()] < &(s) V(t,s) el xS. (2.1)

3 The results

We study the reachable set of (1.1) defined by
Rp(T, Xy, X1) :={x(T); x(-)is a solution of (1.1)}.

We consider a certain variational fractional differential inclusion and we shall prove that
the reachable set of this variational inclusion from derived cones Cy C R to X, and
Cy C R to X; at time T is a derived cone to the reachable set Rp (T, Xy, X;). Throughout
in this section we assume the folowing hypotheses.

Hypothesis H3. i) Hypothesis H1 is satisfied and Xy, X; C R are closed sets.
ii) (2(-),h(:)) € AC(I,R) x L' (I, R) is a trajectory-selection pair of (1.1) and a family
A(t,-) : R — P(R), t € I of convex processes satisfying the condition

A(t,u) C QpyF(t,)(2(t);u) Yu e dom(A(t,-)), ae.t €1 (3.1)
is assumed to be given and defines the variational inclusion

DEYw(t) € At w(t)). (3.2)
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Remark 3.1. We recall that for any set-valued map F'(-,-), one may find an infinite num-
ber of families of convex process A(t, ), t € I, satisfying condition (3.1); in fact any family
of closed convex subcones of the quasitangent cones, A(t) C Q) n)graph(F(t,-)), de-
fines the family of closed convex process

Alt,u) ={v e R; (u,v) € A1)}, w,veR, tel
that satisfy condition (3.1). For example, we may take an ”intrinsic” family of such closed

convex process; namely, Clarke’s convex-valued directional derivatives Cyu F'(t,-)(2(1); ).

When F(t,-) is assumed to be Lipschitz a.e. on I an alternative characterization of
the quasitangent directional derivative is (e.g., [4])

QuuyF(t,)((2(t);u)) = {w €R; lim ld(h(t) + 1w, F(t, 2(t) + Tu)) = 0} . (33)

T—04+ T

Lemma 3.1. Assume that Hypothesis H3 is satisfied, let Cy C R be a derived cone to X
at 2(0) and C; C R be a derived cone to Xy at 2'(0). Then the reachable set R4(T, Cy, Ch)
of (3.2) is a derived cone to Rp(T, Xo, X1) at 2(T).

Proof. In view of Definition 2.1, let {wy, ..., w,,} C Ra(T, Cy, C1), hence such that there
exist the trajectory-selection pairs (v1(+),g1(+)), .-, (Um(+), gm(+)) of the variational inclu-
sion (3.2) such that

Uj(T) = Wy, 'Uj(O) S Co, U;(O) S Cl, j = 1,2, L, m. (34)
Since Cy C R is a derived cone to Xy at 2(0) and C; C R is a derived cone to X; at

2'(0), there exist the continuous mappings ¢q : S = [0, 6p]™ — Xo, ¢1 : S — X; such that

co(0) = 2(0), Dco(0)s = Z s;0;(0) Vs e R™,

q(s)(t) = d(h(s)(2), F'(t, 2(s)(1)))

and prove that z(+), ¢(-) satisfy the hypothesis of Theorem 2.3.
From the lipschitzianity of F'(¢,-,-) we have that for any s € S, the measurable
function ¢(s)(+) in (3.6) it is also integrable.

<

- (3.5)
¢1(0) = 2(0), Dey(0)s = Zsju;(()) Vs e R
For any s = (s1,...,8,) € S and t € I we set
2(s)(t) = =(t) + Z s;v; (1),
P = h(t) + D 510, o0
=d(h t, z(s

a(s)(t) = d(h(s)(t), F(t, 2(s)(£))) < D s5lg5(D)] + du(F (2, 2(8)),

J=1
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m

F(t, 2( ) < ZSAQJ )+ L) Y slus(0)]-

j=1
At the same time, the mapping s — ¢(s)(-) € L*(I,R) is Lipschitzian (and, in
particular, continuous) since for any s, s’ € S one may write

la(s)() —a(s)()h = /0 la(s)(t) — a(s)(2)]dt
S/O (17 (s)(t) = h(s) ()| + du (F(t, 2(s) (1)), F(t, 2(s")(1))))]dt
<lls = S’H(Z/O [lg; ()] + L(B)[v; (8)]]dt)

Define S; := S\{(0,...,0)} and &(-) : S; — (0,00), (s) := ||s]|>. Tt follows from
Theorem 2.3 the existence of a continuous function z(-) : S; — C(I, R) such that for any
s € Sy, z(s)(+) is a solution of (1.1) with the property (2.1).

For s = 0 we define z(0)(t) = z(0)(t) = z(t) ¥t € I. Obviously, z(-) : S — C(I,R) is
also continuous.

Finally, we define the function ¢(-) : S — Rp(T, Xo, X1) by

c(s) =xz(s)(T) VseS.

Obviously, ¢(-) is continuous on S and verifies a(0) = z(T').
In order to complete the proof we have to show that ¢(-) is differentiable at s = 0 € S
and its derivative is given by

Dc(0)(s) = Z s;w; Vs e RY

j=1

which is equivalent with the fact that

1
lim — |c
s=0 ||s]

0)—> s

j=1

Taking into account (3.6) we obtain

m
E :sjwj

Jj=1

1
sl |

_l z(s)(T) — 2(s)(T)|
leﬂjj

1 1
LIS |
(v(T))"
(1 — |I**L)T(a + 1)

=) s (0)] +

J=1

T
1— [[o7]]

T als)w)
Is]

Il + 7

1
=1 [[ovL]

1

. C 8 j—
sl
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and therefore in view of (3.5), relation (3.7) is implied by the following property of the
mapping ¢(+) in (3.6)
t
()

=0 |[|s]]

=0 ae.(I). (3.8)

In order to prove the last property we note since A(t,-) is a convex process for any
s € S one has

Z %ng(t) €A (t, Z ijij(t)> C Qny F'(, ) (z(t); > %vﬂt)) a.e. (I).

Therefore, by (3.3) we obtain

1&a%d<M0+uZ§ﬁ$%@%F(udﬂ+u§:ﬁ$w@0>::O (3.9)

Finally, in order to prove that (3.9) implies (3.8) we take the compact metric space
X7t = {0 € R ||o|| = 1} and the real function ¢;(-,-) : (0,60) x 7" — R, defined

by
%wp):%d<mw+u§:%%a%F(uao+u§:qwu0), (3.10)

where o = (04, ..., 0,,,) and which according to (3.9) has the property
: o m—1
ulg(l)lJr oi(u,0) =0 Voe X ae. (I) (3.11)

Using the fact that o;(u, -) is Lipschitzian and the fact that X777 is a compact metric
space, from (3.11) it follows easily that

lim max ¢i(u,0) =0
u—0+ UEZ’_;Hl

which implies the fact that
s

li =0 ae (I
Slg(l)@t <||S||’||S||> a.c ( )

and the proof is complete. n

Finally, we recall that fractional differential inclusion (1.1) is said to be locally con-
trollable along a reference trajectory z(-) at time 7', if

2(T) € int(Rp(T, Xo, X1)).

Theorem 3.2. Let z(-), F(-,-) and A(-,-) satisfy Hypothesis H3, let Co C R be a de-
rived cone to Xo at z(0) and C; C R be a derived cone to X, at 2'(0). If the vari-
ational fractional differential inclusion in (3.2) is controllable at T' in the sense that
RA(T, Cy,C1) = R, then the differential inclusion (1.1) is locally controllable along z(-)
at time T'.

Proof. 1t is enough to apply Lemma 2.1 and Lemma 3.1 in order to prove the theorem. [

Remark 3.2. If in Theorem 3.4 ¢ (t) = t we obtain Theorem 3.4 in [7] and if in Theorem
3.4 ¢ (t) = t” we get Theorem 3 in [8].
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