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1 Introduction

The aim of this paper is to consider the existence of the solutions for the
following nonlinear integral equation

o(t)
x(t) = f(t,/o v(t,sax(%(S)))ds,ﬂﬁ(@@))) X
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xg (t,x(%(t))/o U(t,8733(73(8)))d8a93(5(t))> (1.1)

fort € I =10,1].

In this study, we investigate a more general class of nonlinear integral equa-
tions which contain, as particular cases, a lot of integral equations, handled
before. Some special cases of Eq.(1.1) have been investigated by various au-
thors. For example, if we take f(¢,y,x) = 1, then Eq.(1.1) can be reduced
to the integral equation considered in [11| which arises in models connected
with traffic and biology

x(t) = f(t,a:(t))/o u(t, s, x(s))ds. (1.2)

Similarly, if

[ty x) =1, g(t,y,x) =1+y
and .
O ) = st =,
then Eq.(1.1) can be reduced to the famous quadratic integral equation of
Chandrasekhar type studied in many papers [2,6,10-12| and given of the
form

u(t, s, x) =

t
t+s

2(t) = 1+ 2(¢) /0 6(5)2(s)ds. (1.3)

Finally, Caballero et al. in [9] studied the existence of solutions of following
functional-integral equation

() = f(t,/otv(t,s,x(s))ds,x(oz(t))) «
g <t, /Oax(t)u (t,s,x(s))ds,x(ﬁ(t))) (1.4)

under the following conditions:

(7) f,9:1]0,a] x R x R — R are continuous and there exists nonnegative
constants ¢;, d;; (i = 1,2) such that

|f(t,0,3§')| < Cl+d1|x|7
|g(t,0,l‘)| < 02+d2’1'|7

for all £ € [0,a] and z € R.
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(#i) The functions f(t,y,x), g(t,y, x) satisfy a Lipschitz condition with re-
spect to the variables y and x with constants k, k&’ respectively, i.e.,

’f(t7y17x)_f(t7y27x)| S k’yl_y2‘7
|9(tayl>$)—9(t,?/2,x)| S k’yl_yQ‘a

for all t € [0,a] and x,y;,y2 € R and

|f(t,y,l'1) - f(t,y,$2)|
|g(t,y,l’1> - g(t,y,$2)|

k/|1'1 — ZE2|,

VARVAN

K'|zy — o,
for all t € [0,a] and x1, 29,y € R.

(7i1) w,v:[0,a] x [0,a] x R — R are continuous.

(iv) «,B:]0,a] — [0,a] are continuous and satisfy,

|t1 _t2|7

<
< |ty — tal,

for all ¢, € [0, al.

(v) There exist nonnegative constants o, 5;; (i = 1,2) such that

|U(t78,$)| S (5] +61|I|7
lu(t, s, x)| < ag + Po]z,

for all t,s € [0,a] and = € R.

(vi) The inequality
[/{;(d + Brya+ (c+ dr)} [k(& + Brira + (c+ dr)] <r

has a positive solution 7y, where & = max{ay, as}, B = max{ 3, B2},
¢ = max{cy, e} and d = max{d;, ds}.

(vii) k' [k(& + Bro)a(l + o) + 2(c + dro)} <1

Theorem 1.1. [9, Theorem 3.1| Equation (1.4) has at least one solution
z € C[0,a] under assumptions (i) — (vii).
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It can be verified that if ¢(t) = v1(t) = 12(t) = v3(t) = ¢, then Eq.(1.1) is
reduced to Eq.(1.4) for a = 1.

Using the technique of a suitable measure of noncompactness in the Banach
algebra, we prove an existence theorem for Eq.(1.1). Also, we illustrate our
results by suitable examples. The results obtained in this paper generalize
several ones obtained up to now. Moreover, our sufficient conditions give the
results of [9] under some weaker conditions and for a rather general equation.

2 Auxiliary facts and notations

In this section, we give a collection of auxiliary facts which will be needed
further on. Assume that (£, |.||) is a real Banach space with zero element
0 . Let B(x,r) denote the closed ball centered at x and with radius r. The
symbol B, stands for the ball B(#,r). If X is a subset of E, then X and
Conv.X denote the closure and convex closure of X, respectively. With the
symbols AX and X +Y, we denote the standard algebraic operations on sets.
Moreover, we denote by Mg the family of all nonempty and bounded subsets
of F and Mg its subfamily consisting of all relatively compact subsets. Next
we give the concept of a regular measure of noncompactness.

Definition 2.1. [3] A mapping i : Me — RT = [0, 00) is said to be a reqular
measure of noncompactness in E if it satisfies following conditions:

(1) p(X)=0< X € Ng;

(2) X CY = p(X) < p(¥);

(3) u(X) = u(ComvX) = p(X);

(4) p(AX) = [Au(X), (A € R);

(5) WX +Y) < p(X)+pu(Y);

(6) p(X UY) = max{u(X), u(Y)};
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(7) If {X,.} is a sequence of nonempty, bounded, closed subsets of E such
that X411 C Xp, (n = 1,2,...) and lim,_,o, u(X,) = 0, then the set
Xoo = N2, X, s nonempty.

In the sequel, we will work in the Banach space C'(I) consisting of all real
functions defined and continuous on I = [0,1]. The space C([) is furnished
with the standard norm

||| = max{|x(t)| : t € I}.

Obviously, space C'(I) also has the structure of the Banach Algebra. We will
use a measure of noncompactness in space C'({) which was introduced in [3].
In order to define this measure let us fix a nonempty and bounded subset X
of C(I). For x € X and € > 0 denoted by w(z,¢) the modulus of continuity
of function x, i.e.,

w(z,e) = sup{|z(s) — z(t)| : t,s € [0,1], |t — s| < e}
Further let us put
w(X,e) =sup{w(z,e) 1z € X}

and
wo(X) = limw(X,e).

e—0
Function wy is a regular measure of noncompactness in space C(I), [7]. Fi-
nally, we recall the fixed point theorem of Darbo. To quote this theorem, we
need the following.
Hereafter, we assume unless stated otherwise that u is a regular measure of
noncompactness in F.

Definition 2.2. [3] Let Q be a nonempty subset of a Banach space E, and
let S : Q — E be a continuous operator that transforms bounded subsets of
Q onto bounded ones. We will say that S satisfies the Darbo condition (with
a constant k > 0) if for any bounded subset X of Q, we have

p(SX) < ku(X).
In the case k < 1, operator S is said to be a contraction (with respect to ).

Theorem 2.3. |7| Let Q be a nonempty, bounded, closed and convex subset
of space E and let
S:Q—Q

be a continuous transformation such that u(SX) < ku(X) for any nonempty
subset X of Q, where k € [0,1) is a constant. Then S has a fived point in set
Q.
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The following theorem is the main tool for our proof.

Theorem 2.4. (8] Assume that Q is nonempty, bounded, convex and closed
subset of C(I) and operators F and G transform continuously set € into
C(I) in such a way that F(Q) and G(2) are bounded. Moreover, assume
that operator T' = F.G transforms € into itself. If operators F' and G satisfy
Darbo condition on set §2, with respect to measure of noncompactness wy, with
constants ki and ko, respectively, then operator T’ satisfies Darbo condition
on ) with constant

[E()[E2 + [|G(Q) [

In particular, if
[E(Q)|[k2 + |G|k <1,

then T is a contraction with respect to measure of noncompactness wy and
so has at least one fixed point in set (2, where || X || is defined by the equality

X1 = sup{|] - = € X}

for any nonempty and bounded subset X of C(I).

3 The Main Result

We shall study the existence of the solutions of Eq.(1.1) assuming that fol-
lowing conditions are satisfied:

(i) f,9: IxRxR — R are continuous. Also, f(¢,y,x) and g(t,y, ) satisfy
Lipschitz condition with respect to variables y and x with constants
k, k' respectively, i.e.,

|f<t,y1,$>—f(t,y27$)‘ < k|y1_y2’7

|g(t,y1,$) —g(t,y2,$)| < k|yl _y2|’
forall t € I and z,y;,y> € R and

|f(t7y7$1) - f<t7y7x2)‘ < kl’xl - ‘1'2‘7

|g(tay7$1) _g(t»y;$2)| < k?/|ZL‘1 _$2|7

forall t € I and z1, 29,y € R.
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(ii) w,v: I x I xR — R are continuous and there exist nonnegative con-
stants «y, 5, pi; (i = 1,2) such that

lu(t, s, z)| < ay + Bz,
lu(t, s, x)| < ag + Bo|z|P?,

for all s,t € I and x € R.
(7it) ¢, o, B, : I — I are the continuous functions. (j = 1,2,3).
(iv)

(kay +my)me >0,
where m; and msy are the constants such that
|f(£,0,0)] < my and |g(¢,0,0)| < mg

forallt e I.

(v)

[k(()él +51) + my +kl] [k(a2+52)—|—m2+k'] < 1.

(vi)

K [(c1 + g + B + B2) + my +mo + 2K ] +
+kM [k(aq + B1) +my + k'] < 1,

where M is the nonnegative constant such that |u(t, s, x)| < M for all
t,s €l and z € [-1,1].

Theorem 3.1. Under assumptions (i) — (vi), there exists at least one ¢ €
(0,1) such that equation (1.1) has at least one solution x = x(t) belonging to
B,, C C(I).

Proof. We define continuous function & : [0, 1] — R such that
h(r) = [k(ag + B1rP*) + my + K'r | [kr(ag + Bor??) + mg + K'r] — 1,

where k., k' m;, «;, 5; and p; for i € {1,2} are the constants given in the
assumptions. Then A(0) > 0 and h(1) < 0 by assumptions (iv) and (v).
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The continuity of h guarantees that there exists the number 7y such that
ro € (0,1) and h(rg) = 0.

Now, we shall prove that equation (1.1) has at least one solution z = x(t)
belonging to B,, C C(I). We define operators F' and G on C(I) in the
following way:

©(t)
(Fx)(t) = f(?%/o v(t,S,x(%(S)))dS’x(Oé(t))>,

(Ga)(t) = 57(tw0mﬁﬂu£ U(@Sﬁdvﬂsﬁ)d&ﬂiﬁﬁﬁ)-

From the assumptions, F' and G transform space C(I) into itself. Further
let us define operator 7' on C'(I) by the equality

Tx = (Fz)(Gx).
Obviously, T transforms C(I) into itself. Since
f(t707x) = f(tuoal‘) - f(t7070) +f(t70a0))

we have by (i) that
f(£,0,2)] < my + K|

forall t € I and = € R. Let us fix x € C(I). Then, using our assumptions
for t € I, we get

(F)(1)|
©(t)
_ f(gé v@aﬂm@»@wmwﬂ‘

IN

©(t)
f (t/O v(ts,x(%(S)))ds,x(@é(ﬂ)) - f(t,0>$(a(t)))'
+ 1/ (£,0,2(a(t)))]

o(t)
k/o (v (£, 5, 2(1 ()] ds + m1 + K [2(a ()]

IN

IN

©(t)
k/ (a1 + B Lo (o (3)[7) ds + 1 + K 2(a(2))|
0
]{3(061+61||I|lp1)+m1+k,||l”|. (31)

IN

Similarly, we derive

(Gx) ()] < K[|l (az + Ball([) + ma + K[| (3.2)
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for all z € C(I) and t € I. By (3.1) and (3.2), for € B,,, we obtain

(T2) (@) =

|(Fz) (8)|[(Gz)(1)]

= [k(a1+ Bullz|”) +ma + Kz ]x
[Ellz|| (a2 + Ball]|P?) + ma + K ||2]]

[k (1 + Birg) + ma + k'ro ]

[kro (o + Barg”) + ma + K'ro ]

= h(re) + 1o

= 7”0

IN

which implies that Tz € B,,.
Now, we shall prove that operator [’ is continuous on B,,.
consider € > 0 and any z,y € B,, such that ||z — y|| < e. Then,

[(Fz)(t) — (Fy)(t)|
»(t)
'f (t/o v(7%SJ(%(S)))dSw(a(t))) -

»(t)

~f (t/o v (t, 87y(71(8)))d8,y(a(t)))‘
@(t)

'f (t/o v(t,syﬂf(%(S)))ds,l“(a(t))) -
@(t)

~f (t/o v (t, s,y(%(S)))ds,ﬂf(a(t)))‘

©(t)
Ty (t, / v(t,s,ym(s)))ds,x(a(t))) -

©(t)
_f <t7/0 U(tv 37?/(71(3))) d$>y(a(t)))‘

which implies that

IA A

(Fa)(t) — (Fy)(1)|
©(t)
K / o (t, 5, 2(1(5))) — v (8, 5, y(n(s)))| ds +

+E |z(a(t)) — y(a(t))]
kw? (v,e) 4+ K|z — y||
kwi’o (v,€) + K'e,

To do this,

(3.3)
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where
wi’o(v,a) =sup{|v(t,s,x) —v(t,s,y)| : t,s € I;x,y € R;|x —y| < &}

such that R = [—rg,70]. Notice that, in view of the uniform continuity of
function v on set I x I X [—rg, 7], we have that w} (v,e) — 0 as e — 0.
Thus, above estimate (3.3) shows that operator F is continuous on ball B,,.
Similarly, we can show that operator G is continuous on ball B,,. Obviously,
this implies the continuity of operator 7" on ball B,,.

Further, we shall show that operators F' and G satisfy Darbo condition on
ball B,,. In order to do this, let us take a nonempty subset X of ball B,,.
Fix € > 0 and choose =z € X and ty,ty € I such that |t; — t3] < e. Without
loss of generality, we may assume that ¢(t2) < ¢(t;). Then, we obtain

[(Fz)(t2) — (Fz)(t1)]
o(t2)
- |f<tz, / v<t2,s,:c<%<s>>>ds,x<a<t2>>>—

P(t1)
. (tl,/o v(tl,s,x(’yl(s)))ds,x(a(tl)))‘
@(t2)
|f (t%/o v (ta, s, 2(71(5))) ds, v(a(ts) >—
o(t1)
—f (tz,/o v (t1, s, 2(71(8))) ds, x( ‘

w(t1)
f t27/ (ths x(yl( dS LU
0

o(t1)

—f (h,/o v (t1, 8, 2(71(8))) ds, x( )‘
o(t1)

<t1,/0 v (t1,8,2(71(8))) ds, z( )

e(t1)
—f tl,/ v (t1,8,2(71(8))) ds, x(

0

IN

_|_

_|_

f
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Hence,
(Fa)(t2) — (Fa)(t:)
w(t2) w(t1)
| etsatu@as— [T vinsatn@) ds
Tl (f,2) + K [2(altz)) — o(a(t))]

o(t2)
kl [0 (t2, 5, 2(1(5))) — v (t1, 5, 2(31(5)))] ds +

IN

k

IN

(t1)
+@/ v (t1, 5, 2 (s))] ds + ), (F,2) +
P(t2)

+k [z(a(tz)) — z(a(t))]- (3.4)
Then, by (3.4), we have that
(F2) (1) — (P)(1)
Fuwn, (v,€) + kLIp(t) — p(ta)] + wy, (f.€) +

+k |z (a(tz)) — z(a(t))]
kw) (v,e) + kLw(p,e) + w, (f,e) + K'w (z,w(a,e)),  (3.5)

IN

IA

where
wio(v,a) = sup {|v(ta, s,x) — v(t1,s,x)| : t1,te,s € [,x € R; |t; —ta| < e},
w;()(f?‘g) = SUP{|f<t2a3/:$) - f(tlayax” : t17t2 € I?
ZL‘GR,yG [_LvL]7|t1_t2| Sg}a
L =sup{|v(t,s,z)| : t,s € [;x € R}

and

w(ai,&‘) = Sup{|ai(t2) — az(tl)l . tl,tg c ]7 ‘tl — t2’ S 8}
for i = 1,2, 3 such that a; = ¢,y = @ and a3 = . From (3.5), we get

w(Fa,e) < kwb (v,) + kLu(p, 2) +wh (f, ) + Kw (z,0(0,¢)) . (3.6)

Taking into account the uniform continuity of functions f,v,a and ¢ on the
bounded sets, we can deduce by (3.6) that
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In a similar way, we have
|(G)(t2) — (G)(t)]
= ' (tg, x(y2(ts) /0 u (ta, s, x(ys(s ds,x(ﬁ(tg)))
)

thwmm umﬁmeDMAMQO

0

IN

' (tg, ’}/2 t2 /0 U t2 S,z ’}/3 dS .Z'(B(tg))

_g@xwh>éuhﬁx% wammﬁ

‘ (tg X ")/2 tl / U tl,S 'y P)/d dS,x(ﬂ(tQ))) -

[e=]

IA
™
8
N
=<2
[\v)
/~
<+~
no
SN—
N—
O\
=
—~
<+~
M
»
8
—~
=2
w
—~
S~—
S~—
S~—
QL
»
|
8
—~
=2
[\v)
—~
~+~
=
N—
N—
O\
—
<
—~
~+
=
»
8
—~
-2
w
—
V)
S~—
S~—
S~—
QL
»

ﬂ%@@+kuww» z(B(t))]
WMW—WWMAMMM%@WWF

IA
e

+k

w(vz(t1)>/0 [ (t2, 5, 2(73(s))) —w (t, 5, 2(73(s)))] ds
+wy(g,€) + K'w (2, w(B,€)) . (3.8)

By (3.8), we derive that

[(Gx)(t2) — (Gr)(t1)|
< kMw (z,w(ye,)) + krow, (u,€) + w, (g9,€) + K'w (z,w(B,¢)), (3.9)

where

UJ?%O(‘Q,E) = SUP‘UQ(%,%@_g(thyaxﬂ 3t1,t2€l7
Yy S [_TOMaTOM]ax € R7 ‘tl - t2’ S 5}7
wio(u,s) = sup{|u(ta, s,x) —ulty,s,z)| : t1,te,s € [,x € R; |ty — ta| < e}
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and M is the nonnegative constant such that |u(t,s,x)| < M for all t,s € [
and z € [—1,1]. Also,

w(By,e) = sup{|Bj(t2) — Bi(t1)] : t1,t2 € I; [t — to| < e}
for j = 1,2,3 such that ) = 3, s = 7 and 3 = x. From (3.9), we get

QU(G$, 5) S kMw (ﬁa w(72a 5)) + k’rowio(% 5) + ’lUiO (97 5) +
+E'w (2, w(B,€)) . (3.10)

Since functions s, u, g and  are uniform continuous on the bounded sets,
we can obtain by (3.10) that

Finally, linking (3.1), (3.2), (3.7), (3.11) and Theorem 2.4, we get that T
satisfies Darbo condition on ball B,, with constant k such that

]~€ = k/ [k(Oél + 517“81) +mq + k’?"o + kTo(OéQ + 627’32) + mq + k’?"o] +
—f-kM [k’((l/l + 517"81) + mq + k‘lro] .

Since the inequality
K [k(ay + ag + B1 + B2) +my +mo + 2K | + kM [k(ay + B1) + my + K] < 1

holds by assumption (vi), k < 1 and so T is a contraction on ball B,, and
has a fixed point in B,, by Theorem 2.4. Consequently, Eq.(1.1) has at least
one solution in B,,. This step completes the proof of our theorem. O

Note 3.1. Functions u,v,« and B satisfying conditions (iii), (iv) and (v)
of Theorem 3.1 in |9] for a = 1 also satisfy conditions (ii) and (iii) of our
theorem. But, converse of this may not be correct.

4 Examples

In this section, we present some examples verifying the conditions of Theorem
3.1 and not verifying the conditions of Theorem 3.1 in [9].

Example 4.1. Let us take functions f,g: 1 x R x R — R defined by

[exp(t — 1)+ 1]sinx y
54+ (t—1)2 5+ t?

fty,x) =
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" 2sin o] + )
sin(|z| +1¢ Y
g(t7 Y, I) = 3 5"
d+1 541
These functions are continuous and satisfy Lipschitz condition with respect
to variables y and x with constants k = 1/5 and k' = 2/5, respectively. Also,
since

2 sin(t?)

54137
we can choose nonnegative constants my and my as my; = 0 and mg = 2/5.
Next, we take

f(taoa 0) =0 and g<t7 070) =

[1+ cos(ts®)](2? + s)
3+ s?

(t.5.2) sin vt + +/]z[3
u S = .
o 5+ In(1+s)+ 3

It is easy to verify that the inequalities

v(t, s, x) =

and

2 2 1 1
W@&$N§§+§WFWWWUJJNSS+SW5

hold for all t,s € I =[0,1] and x € R. So, assumption (ii) is satisfied with
2 1 3
a1251=§, 042232257 p1=2 andp2=§-
On the other hand, if we take

t
alt) = B(t) = Vi, @(t) =17 and 1(t) = 72(t) = 73(t) = 3
assumption (iii) holds.
Furthermore, since
(/{5041 + ml) mo > 0,
44
[k‘(oq ‘|‘B1) + my +k,] [k(OéQ +ﬁ2) + mo +/€/] = % <1

and

K [k(oq + ag + B1 + Ba) +my +my + 2K ] +
252

+EM []{Z(Oél + Bl) +my + k/] = ﬁ < ].,

the inequalities in assumptions (iv), (v) and (vi) hold, where

2
M = sup{lu(t,s,z)| : t,s € I;x € [-1,1]} = =
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Then, Eq.(1.1) has the form

v <[exp(t_1)+1]sina:(\/¥)

5+ (t—1)2 *

ds | x

1 /t2 [1+ cos(ts?) ] [(:L' (%))2 + 3]

+
542 3+ 52

ds | ,(4.1)

2sin(fe (V) | +#) | @ (§) / sin Vi -+ /[ (5)[

5+ 13 5+ t2 5+ In(1+s) + 3

where t € [0,1]. Consequently, by applying Theorem 3.1, we deduce that
Eq.(4.1) has at least one solution x € C[0,1].
Since there is no constants oy, 1, ao and B satisfying the inequalities

[v(t,s,2)] < ay + Bi|z] and |u(t, s, z)| < ag + Pa|z|
forallt,s € I =10,1] and x € R, if we take

1t = 72(t) = 3(8) = () = £, alt) = Bt) = VA,
the result in 9] is inapplicable to the integral equation

([GXW_ 1) + 1] sinz(/7)
b+ (t—1)?
1 /t [1+ cos(ts®) J[(x(s))* + 5] ds) -

5+ t2 3+ 52

) (251n(\x(ﬁ)]+t2)+ 2() /1 sin /% + \/\x(sﬂ?’d!s)'

x(t)

_|_

543 5+t ), 5+In(l+5)+ 3

Also, functions a and 8 don’t hold the inequalities in condition (iv) of The-
orem 3.1 in [9].

Example 4.2. If we take
ft,y,) =a(t) +y, gt,y,2) =1, p(t) = n(t) = a(t) =t and u(t,s,r) =0

forallt,s € I; x,y € R, then Eq.(1.1) is reduced to well known nonlinear
Volterra integral equation

x(t) = a(t) +/0 v(t, s, z(s))ds, (4.2)
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where function a : I — R is continuous. Also, we assume that there exist
nonnegative constants oy, f1 and py such that the inequality

l(t, s, z)| < ag + By|z|” (4.3)

holds for allt,s € I and x € R.

The theory of above equation (4.2) is well developed in [1,4,5,13,14|. For
this specific choice of f, g, ¢, 71, @ and u, assumptions (i), (ii) and (vi) are
satisfied with

k=1, K =0, oy, 81, aa =02 =0, my = |la|, ma=1 and M = 0.

Assumption (iii) already holds for ¢, v, a and any continuous functions
ﬁ772773 I — 1.
Additionally, we assume that the inequalities in conditions (iv) and (v) which
are equivalent to

aj + ||a|| >0 (4.4)
and
a1 + B+ [lafl < 1, (4.5)

respectively are verified.

Then, we deduce from Theorem 3.1 that there exists at least one number
ro € (0,1) and Eq.(4.2) has at least one solution x = xz(t) belonging to
B,, C C|0,1].

We put

15t% + 4sin (155) 1

1422
H=— .
Oropi-1  “W=m1s

v(t, s, z) =

The inequality

lu(t,s,z)| < E—l—isin( ’ )’
20 20 1+ 22
< 341
— 4 5|142?
< Stz
— 4 5

holds for allt,s € I and x € R.
So (4.3), (4.4) and (4.5) are satisfied with

3 1 1
aq 47 61 57 b1 an ||CL|| 25
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Then, our integral equation takes the form

(4.6)

2 ; z(s)
1 t 15t + 4 sin (?)
x(t) / O g
0

T 2+25 19 + exp(1 — t)

which has at least one solution x € B,, C C[0,1].
On the other hand, the inequality given in assumption (vi) of Theorem 3.1
in [9] doesn’t hold with

~ 1
’5:5, a=1, c=1andd=0,

3
k=1, a=

A~ |

[k(a@ 4+ Br)a+ (c+ dr)][k(a + Br)ra+ (c+dr)] > r

for allr € (0,00). Hence, the result in |9] is inapplicable to integral equation
(4.6).

Example 4.3. Let us define
[ty @) =1, g(t,y,x) = a(t) +y, 12(t) = 3(t) = B(t) =t and v(t, s,2) =0

forallt,s € I and x,y € R, where function a : I — R is continuous.
It is known from [9] that function u given as

0, s=0,t>0, zeR

u(t,s,x):{
nos)r, s#£0,t>0, z€R

is continuous on I x I x R. Here, ¢ : I — R is continuous and ¢(0) = 0.
For these functions, Eq.(1.1) has the form

t
t+ s

+(8) = a(t) + 2(t) /0 6(5)2(s)ds (A7)

which is related with the Chandrasekhar equation considered in |2,6,10-12].
In this example, f and g satisfy Lipschitz condition with respect to variables
y and x with constants k =1 and k' = 0, respectively. Also, since

f(t,0,0) =1, g(£,0,0) = a(t), v(t,s,x) =0 and [u(t,s,x)| <[] |z]

forallt,s € I and x € R, we can choose nonnegative constants my, ms,

b1, aa, By and M as

my =1, my = [laf, a1 = f1 =0ar =0, B =||¢[| and M = ||¢].
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Therefore, conditions (i) and (i1) are satisfied. It is obvious that condition
(14i) is satisfied for B,72,7vs and any continuous functions p,v1,c : I — 1.
The inequalities in conditions (iv), (v) and (vi) can be expressed as

lall > 0, (4.8)
lall + o]l <1 (4.9)

and
o]l <1, (4.10)

respectively. If (4.8) and (4.9) which implies (4.10) hold, we have by Theorem
3.1 that there exists at least one number ro € (0,1) and Eq.(4.7) has at least
one solution x = x(t) belonging to B,, C C[0,1].
If we take

el~1 Tt

alt) = sin?(t — 1) +25° o0 =15

then (4.8) and (4.9) hold which imply that the equation

x(t) = St 6_1) —or + %x(t)/o i x(s)ds (4.11)

has at least one solution x € C[0,1].
But, the inequality given in assumption (vi) of Theorem 3.1 in [9] doesn’t
hold for constants

-7
k=1, a=0, BZE, a=1, c=1andd=0,

[k(a+ Br)a+ (¢ + dr)][k(a + Br)ra+ (c+dr)] > r

for all r € (0,00). So, the result in |9] is inapplicable to integral equation
(4.11).

Example 4.4. Let us consider the following nonlinear integral equation of
the form

In(t + e — 1) sinz(t?)
t+19
N 1 ! (43 sin z(s) N 10In(s +e—1)
t+4 ), \ 20s2+5 s+3

z(t) =

) ds.  (4.12)
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Put Int Dsi
n(t+e—1)smnzx Y
f(ty,x) 119 o by =1
4ssinz 10ln(s+e—1)
n(t) =) =t, alt) =’
and
1 1 ) 1
k=-k=— =0 =1 = = = = =0 =0,M =0.
1’ 20777”61 y 2 y O 2,51 5,042 , P2 )

It is easy to show that all of the conditions of Theorem 3.1 hold. Therefore,

Theorem 3.1 guarantees that there exists at least one ro € (0,1) such that

Eq.(4.12) has at least one solution x = x(t) belonging to B,, C C[0,1].

On the other hand, the inequality given in assumption (vi) of Theorem 3.1

in |9] doesn’t hold for constants
1 5

k=> a; =2

4 25042:0751:_52:07&:17

1
01:0,02:1,d1:%andd2:0.

Hence, the result in 9] is inapplicable to integral equation (4.12).
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