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Abstract: The mathematical model of heat generation and dissipation during thermal energy transmission employing nanoparticles
in a Newtonian medium is investigated. Dimensionless boundary layer equations with correlations for titanium dioxide, copper oxide,
and aluminium oxide are solved by the finite element method. Parameters are varied to analyze their impact on the flow fields. Various
numerical experiments are performed consecutively to explore the phenomenon of thermal performance of the combination fluid.
A remarkable enhancement in thermal performance is noticed when solid structures are dispersed in the working fluid. The Biot number
determines the convective nature of the boundary. When the Biot number is increased, the fluid temperature decreases significantly.
Among copper oxide, aluminium oxide, and titanium oxide nanoparticles, copper oxide nanoparticles are found to be the most effective

thermal enhancers.

Key words: magnetohydrodynamic flow, porous medium, nanofluids, heat transfer, thermal performance,

convective boundary conditions, FEM

1. INTRODUCTION

Fluid flows in porous media have a variety of uses in everyday
life, including oil movement in the soil, and fluid seepage through
sands and rocks, among others. Numerous research on the im-
pact of fluid flow and heat transport has been done in light of this
fact. For example, [1] examined the function of porous media and
nanoparticles in heat and mass transmission during homogene-
ous and heterogeneous chemical reactions. The effect of a mag-
netic field on the transport of heat energy in a Maxwellian fluid
along the channel field, under the influence of the porous medium,
was discussed in [2]. For example, in [3], the pore diameters of
heterogeneous porous media were optimized during random
convection inside a two-sided lid-driven cavity. Numerical solu-
tions for improving heat conduction of water—iron oxide nanofluids
in the presence of a porous medium were discovered in [4]. The
effect of porous media on MHD natural convection in a cone
containing cadmium telluride nanofluid was investigated in [5]. [6]
investigated the effects of nano-sized particles on heat energy
transport during convective heat transfer in magnetohydrodynamic
(MHD) flow in the presence of sinusoidal resistive force generated
by porous media. Refer [7] reported the numerical solution of
MHD nanofluid flow in porous media, including the effects of
velocity slip and non-linear thermal radiation using the finite ele-
ment technique (FEM).

An electrically conducting fluid subjected to a magnetic field
behaves substantially differently from an electrically conducting
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nanofluid due to the Lorentz force's influence on fluid movement
and heat energy transmission. MHD flow occurs when a fluid is
exposed to a magnetic field, as has been extensively addressed.
[8] examined the heat transport in a fluid filled chamber under the
influence of an external magnetic field, for example. The trans-
mission of energy during MHD fluid flow around a cylinder was
investigated in [9. The effects of magnetic fields on the transmis-
sion of momentum and heat energy in a radiative fluid containing
nanoparticles were discussed in [10]. In [11], we performed a
computational simulation to look at the increase in heat transmis-
sion in MHD flow over a moving surface. [12] investigated the
effects of magnetic field and nanoparticles on current and ion slip
in three-dimensional flow. [13] used numerical simulation to model
two-phase MHD non-Newtonian flow between nanoparticle-filled
plates. In [14], the numerical solution for an unstable MHD max-
well nanofluid flow over a stretching sheet in the presence of
thermo-diffusion and radiation was obtained using the FEM. The
MHD free convection of a nanofluid flowing across a vertical cone
was studied using finite element analysis in [15].

Many academics working in the field of thermal system design
are constantly coming up with new ways to create more efficient
thermal systems. The most frequent method involves the disper-
sion of metallic nanoparticles in a base liquid, and several aspects
of this process have already been discussed. Diffusion of nano-
sized particles in the base liquid has improved thermal perfor-
mance and generated a more efficient working fluid than the base
fluid, both experimentally and conceptually. Nanofluids are these
forms of fluids. The invention of nanofluids has inspired research-
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ers, and various papers have been published. For example, in
[16], the authors discussed an increase in the transport of heat
energy in an electrically conducting fluid exposed to a magnetic
field. They used the lattice Boltzmann method to analyze the
underlying physics. The impact of nano-sized alumina particle
dispersion on heat energy and momentum transfer in MHD fluid
was investigated in [17], which discussed an increase in the wall
heat flux due to a rise in thermal conductivity. In [18], we looked at
Walter B rheology and applied mathematical models to improve
mixed convective heat and mass transmission. They used numer-
ical simulations to look into different physical aspects. The influ-
ence of metallic nano-sized particles on the efficacy of thermal
conduction of the working fluid was studied theoretically in [19].
[20] investigated the transport mechanism in the three-
dimensional flow of an MHD fluid incorporating nano-sized parti-
cles and found a considerable improvement in the working fluid's
thermal performance. The influence of nano-sized solid objects on
the thermal effectiveness of a working fluid was explored using
natural convection in a hollow [21] with an elliptical heater. The
best analytic approach utilized in [22] is to determine a nano-
material's thermal performance. They also discovered the effect of
heat dissipation on temperature distribution in nanomaterials and
an increase in working fluid efficiency due to the inclusion of
metallic nanostructures. The effects of porous media and thermal
radiation on the transmission of energy and momentum in a liquid
containing solid nanoparticles were investigated in [23]. A mathe-
matical model for homogeneous—heterogeneous chemical reac-
tions during mass transport of MHD Eyring—Powell fluid on a
spinning disc was developed by an author [24]. [25] looked stud-
ied the effects of porous media and non-linear thermal radiation
on the thermal properties of a fluid subjected to nanostructure
dispersion in mass transport, taking chemical processes into
account. [26] employed mathematical models to investigate the
effect of nanoparticle hybridity on the effectiveness of thermal
conductivity of fluid across a moving surface when heat dissipa-
tion is significant. [27] investigated the effect of metallic nanoparti-
cle hybridity on the thermal performance of a working fluid sub-
jected to an external magnetic field using mathematical modeling.
[28] investigated the flow across a revolving disc with an external
magnetic field and thermal radiations. Readers are encouraged to
look up prior works [29-32] and their references for further infor-
mation on nanofluids and their applications. The effects of an
induced magnetic field and changes in thermal conductivity on the
flow of a second-grade fluid in the presence of a porous medium
have also been studied [34-35].

This research aims to investigate the thermal properties of a
nanofluid under convective boundary circumstances (BCs). This
project is divided into five pieces. In Section 2, mathematical
modeling is explained. Section 3 discusses the solution technique.
Section 4 presents and discusses the outcomes. Finally, the
paper is concluded with a short conclusion.

2. PHYSICAL SETUP AND DESCRIPTION

Let us consider the dispersion of three types of nanometallic
structures, i.e., CuO, Al, 05 and TiO,, in water, in order to inves-
tigate the increase in its thermal conductivity. Nano-water is sub-
jected to an applied magnetic field. The nano-water mixture over a
hot vertical surface experiences convection. This nano-water
mixture is also assumed to be a heat-generating mixture. The
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buoyant force is significant under the Boussinesq calculation. The
fluid flows through a porous medium and hence experiences a
resistive force. The simplified partial differential equations PDE
are as follows [33]:
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Fig. 1. Schematics - The physical arrangement and system
of coordinates are shown herein

The required BCs are:

u(x,0) = ax,v(x,0) =0, —ykf%(x, 0) = hr (Tf —T(x, O))
u(x! OO) = 0' Tf(x; OO) = Too-

(4)

where [u, v, 0] represents the velocity, g represents the gravita-
tional acceleration, p is the density, u represents the kinematic
viscosity, o stands for the electrical conductivity, c, represents
the specific heat constant, k represents the thermal
ty, nf represents the nanofluid, 5, is the thermal expansion
coefficient and y is the thermal slip effect.

The correlations of the nanoparticles are as follows:

Prf=(1 — @) ps+@ps, Brny=(1 — @) Br+¢Ps,
___ K
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The following new variables convert Egs. (1)—(5) into dimen-
sionless forms:

u=axf'(n),v=— \/aT, Y=(avy)?xf (n),

T—Tp

nz(%)E y,6(m=r—=, (6)
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And, hence, one can get:
f+alff" = 2] = M, (1 — §)*>+K]f"

+Gre, (1 — @+ )9%) (7)
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The dimensioless BCs are:

f(0)=0,7'(0) =1,6'(0)
0(0) =0,f'(0) =0.

The derivatives involved in Eq. (9) are with respect to the vari-
able n. M is the magnetic parameter, Hartmann number is Ha,
Grashof number is Gr, B* is the heat generation parameter, K is
porous medium parameter, Prandtl number is denoted by Pr, Ec
is the Eckert number and Bi is the Biot number. These are stated
as follows:
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The divergent velocity is

T = 1
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The Nusselt number is
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The Reynolds number is Re, =

3. NUMERICAL APPROACH
3.1. Numerical procedure

The modelling for the exchange of heat and mass through di-
mensionless rules are done using the FEM. This is a ground-
breaking strategy that has been used in several recent studies.
The following is the process for putting FEM into practice.

a. The domain [0, o] is discretised into line segments such that
each element has two nodes.
b. The linear weight and shape functions are given by

P Ej+1 - E
Si=(—1)/71 (— ,i=1,2...
/ €j+1 - gj
c. The residual error is integrated over [1,, Nes1]-

d. The dependent unknowns are approximated over the element
[7e, Mer1] by the finite element approximations:
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where f;, h;, 6; and ¢; are to be computed. S; is the shape
function. Hence, the stiffness elements are as follows:
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where f and h are the computed nodal values.
e. The non-linear equations are as follows:

[K{m}){m}={F}.

These are solved using Picard linearisation as follows:

[K{m} = {m}"={F},

where {m}"~1 is the nodal value computed at (r — 1) of the
iteration and {r}" is the nodal value computed at the rth itera-
tion.

The following equation is used to calculate the error:
r—1

-1 -1

-1

error= ,max <E,

a1

while taking e=1075.
4. OUTCOMES AND DISCUSSION

The normalised governing boundary value problems with cor-
relations for the thermo-physical properties are transformed into
initial value problems. The transformed initial value problems with
initial conditions are solved by FEM.

The parametric simulations are then conducted to examine
the dynamics of the flow variables. Simulations are run to select
the nanoparticles among CuO, Al,0zand TiO, so that the sys-
tem works in an efficient manner. Fig. 2 shows the velocity profiles
of copper nanofluids, aluminium nanofluids and titanium nanoflu-
ids when Gr =0.2 and 0.5. This figure explains that the velocity of
titanium nanofluid achieves the highest value, compared to CuO
nanofluid and all nanofluids, for both cases when Gr =0.2 and
0.5. This figure also explains that the velocity of copper nanoflu-
ids, aluminium nanofluids and titanium nanofluids increases on
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increasing the magnitude of Gr. The Grashof number is signifi-
cant because it shows the ratio of the buoyant force caused by
spatial variations in fluid density (induced by temperature differ-
ences) to the restraining force caused by the fluid's viscosity.

—H,0-Cu0 Gr=02
—H,0-A,0, Gr=02
—H,0-Tio, Gr=0.2
—H,0-Cu0 Gr =05
—H,0-AL0, Gr=05
—H,0-Ti0, Gr=0.5

—H,0-Cu0, Bi=-0.12
—H,0-Cu0, Bi=-0.10
—H,0-Cu0, Bi=00
—H,0-Cu0,Bi=04
—H,0-Cu0,Bi=20

| |
0 1 2 3 n 4 5 6 7

—H,0-Cu0 M=200
—H,0-A1,0,M=20.0

—H,0-Ti0, M=200

Fig. 4. Velocity profile against magnetic field

Fig. 3 shows the effects of the Biot number Bi on velocity. On
increasing the value of the Biot number, the velocity decreases.
Because the Biot number is significant, it is used to calculate the
heat transfer rate. In Fig. 4, it is noted that on increasing the mag-
netic field parameter M, the boundary layer’s viscosity decreases
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due to the application of the magnetic field on the particles of an
electrical conducting fluid, causing a Lorentz force in the boundary
layer. The Hall effect uses magnetic forces to reveal information
about charge carriers in a substance.

08F - . .
.—HZO-AIZO3 =0
- —H20-A1203 7=05
3 —-HQO-AIZO3 1=1.0
Al _HZO-Alzos‘, =20

02F

Fig. 6. Temperature profile against heat generation

35r

—H,0-Cu0 Gr=1.0

—HZO-NZO3 Gr=1.0

—H,0-Ti0, Gr=1.0

0sF

Fig. 7. Temperature profile aginst favourable buoyant force

Fig. 5 presents the velocity profile in relation to thermal ef-
fects; it shows that on increasing the values of thermal effects, the
velocity profile increases. Fig. 6 illustrates the influence of the
heat generation parameter 8* on temperature. It is observed that
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on increasing the value of Ec, the boundary layer thickness also
increases. In Fig. 7, we see the effects of Gr on temperature; we
observed that when we increase the value of Gr, the temperature
increases.

_HZO-CuO Gr=15

_H2O-AI203 Gr=15

/ —H20-Ti03 Gr=15

—H,0-Cu0 7210
0.8

0(n)

) —H,0-Cu0-AL,0, =10
’ —H,0-Cu0-Ti0, 7=10

04F

021

Fig. 9. Temperature profile against thermal effects
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—H,0-Cu0 =15

—HZO-CUO-AI2O3 v=15

—H20-CuO-TiO3 v=15

L
0 1 2 3 R 5 6 7 8 9 10

Fig. 10. Temperature profile against thermal effects

Fig. 8 shows the compression of Gr on temperature in the flu-
ids comprising copper-water, aluminium-water and titanium-
water. We notice that the viscosity of the boundary layer decreas-
es on increasing the content of nanofluids. Figs. 9-11 show the
impacts of the thermal slip parameter y on temperature consider-
ing copper-water, aluminium-water and titanium-water nanoflu-
ids. It is observed that temperature diminishes on increasing the
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value of y. The copper nanofluid is more heat effective as com-
pared to other nanofluids, namely aluminium and titanium nanoflu-
ids. The thermophysical properties of water and nanoparticles are
presented in Tab. 1. The local skin friction coefficient and Nusselt
number for copper oxide-water nanofluid with different nanoparti-
cle factors are presented in Tab. 2.

—H,0-Cu0~=20
—H,0-Cu0-AL0, 1=20

—HEO-CUOAﬁO3 v=20

Fig. 11. Temperature profile against thermal effects

Tab. 1. Thermophysical properties of water and nanoparticles [33]

. pkg | c,UJ k(W Bx1075

Materials /m?) /kgK) /mK) K o (S/m)
Water (H20) 997.5 4,178.0 0.6280 2140 5.5x107¢
Copper oxide

(Cu0) 6,310.0 550.5 32.90 0.85 ,

nanoparticles 5.96x10

Aluminium
oxide (Al203) 3,900.0 779.0 40.00 .
nanoparticles 0.84 3.50x10

Titanium
oxide (TiOz) 4,250.0 686.2 8.9538 0.90 2.38x10°
nanoparticles

Tab. 2. Local skin friction coefficient and Nusselt number
for copper oxide—water nanofluid with different nanoparticle
factors at ¢ =0.2 [33]

ks Re,”Y?>Nu | Re,”V?*Nu

0.628 0.084138154 0.993989767
0.72141 0.085608603 1.18560452
0.82458 0.086968704 1.381935016
0.9391 0.091634371 1.58355532
1.06696 0.095644211 1.79198143

5. CONCLUSION

Convection heat transfer in Newtonian fluids containing nano-
solid metallic structures has been studied to investigate the en-
hancement in thermal conductivity, so that dispersion of nanopar-
ticles of copper oxide, aluminium oxide, and titanium oxide may
be recommended for an efficient thermal system such as automo-
bile engines. The boundary layer's governing problems are nu-
merically solved, and the significant studies are included.

When the Grashof number is increased, the favourable buoy-
ancy force aids the flow, and the thickness of the MHD boundary
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layer shows an increasing trend. This research is applicable for all
kinds of nanoparticles.

On the flow of fluids, the fluctuation in Biot number results in a

declining trend. As a result, as the Biot number increases, the flow
slows down.
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