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Abstract. In this present paper we introduce and investigate

each of the following new subclasses F)'y ;1 (o ), Gy 4(a; ¢) and

N (i) as well as Q77 (s ) Oy y(a; ) and R (a5 )
of meromorphic functions, which is defined by means of a certain
meromorphically p-modified version of the convolution structure.
Such results as inclusion relationships, integral representations and
convolution properties for these function classes are proved.
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1 Introduction

Let ¥, denote the class of all meromorphic functions f of the form

flz) =27+ Z a2 (pe N={1,2,..}) (1.1)

n=1—p
which are analytic in the punctured disc U* = {z: 2z € Cand 0 < |z] < 1} =

U\{0}. For simplicity, we write ¥.; = X.. If f and g are analytic in U, we say
that f is subordinate to g written symbolically as follows:
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f<gorf=<ug,

if there exists a Schwarz function w, which (by definition) is analytic in U
with w(0) = 0 and |w(z)| < 1 (z € U), such that f = g(w(z)) (2 € U). In
particular, if the function ¢ is univalent in U, then we have the following
equivalence (cf., e.g., [4]; see also [12], [13])

f=g9< f(0)=9(0) and f(U) C g(U).

For functions f € 3,, given by (1.1), and g € ¥, defined by

g(z) =27+ Y b2"  (pEN), (1.2)

n=1—p

then the Hadamard product ( or convolution ) of f and ¢ is given by

(f*9)(z) =274 Y anbaz" = (g% f)(2). (1.3)

n=1—p

Now, we defined a linear operator For f,g € ¥,, A >0, £ >0, p €
N, m € Ny = NU {0}, we define the linear operator DY, (f *g) : ¥, = %,
by:

D())\,l,p (f*x9)(z) = (fxg)(z) =27+ Z anbpz".

n=1-p

DL, a)(5) = (=N (Fx)) + oy (Z7(F #0)(2)

/

/

= (1-XN)|zP+ Z anby 2" +g ] 2f 4 Z apby, 2P
n=1-p < n=1-—p
= [+

n=1-p

/

DRy #0)(2) = (1= ) Ddy(F % 0)(2) + sy (DL (% 0)(2)

R ) CE ”

n=1-p

and (in general)
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/

A
DR (f0)(z) = (L= N DL 9)(2) + s (DR % 9)(2)

= 2z P+ Z V—l-)\(l#p)} by 2" (1.5)
—1—

n P

From (1.5) it is easy to verify that

Az (DY, (f* 9)) (2) = LDFE(f % 9)(2) — (€4 Ap) DYy (f % 9)(2)  (1.6)

We observe that the linear operator DY', (f#*g) reduces to several interesting
operators for different choices of n, A, ¢, p and the function g:

(i) For g = 2= (or b, = 1), DY, (f % g) = I;*(\, ), was introduced and
studied by El-Ashwah [9], the operator I7"(, £), contains as special cases (see
[2], [5] and [17]);

(7) For m = 0 and

_ 2 (ar)ne(ag)n 2"
g=2"+ A aln = (1.7)
n;p (B)n--(Bs)n !
(a; €Cii=1,..,¢;8,€ C\Zy ={0,-1,-2,..};j =1,....s
QSS+1,Q7S€N0,p€N,Z€U),

and

9 O +v) 1 if v=20;0¢cC*=C\{0},
(0), = I'(6) _{9(9—1)...(9+y—1) if veN;0eC.

We have DS (f * 9)(2) = (f * 9)(2) = HP*(on) f, where H?*(ay) is a mero-
morphically p— modified version of familiar Dziok-Srivastava linear operator
6,7] .

Recently, Liu and Srivastava [11], Raina and Srivastava [15], and Aouf
[1] obtained many interesting results involving the linear operator H?*(a),
and was further studied in a subsequent investigation by wang et al [18]. In
particular, for

q=2, s =1, ap =a Bi=c and apy=1
we obtain the following linear operator

Ap(aac)f = Hp(ala 1;51)f (Z < U*)

which was introduced and investigated earlier by Liu and Srivastava [10], and
was further studied in a subsequent investigation by Srivastava et al [16].
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Let P denote the class of functions of the form
p(2) =1+ paz",
n=1

which are analytic in U and satisfy the following condition
Rep(z) >0 (z€U).
Throughout this paper, we assume that p,k € N, €, = exp (%),

1 k—1 . '
Fen(Fx9)(2) = 1 D6l D, (f+0)(2) (62) = 277+ .(f.9 € %), (18)
j=0

AF39)(:) = 3 [ DRl 0 + DYy 7 2 0) )| = 74l €50
(1.9)
and
H A9 = 5 | DRl #9)(2) = D )(=5)| = 7+ (g € 5.

(1.10)
Clearly, for kK = 1, we have

Eea(f*9)(z) = DYy, (f % 9)(2) -

Making use of the integral operator DY, (f*g) and the above mentioned
principle of subordination between analytic functions, we now interoduce and
investigate the following subclasses of the class ¥, of meromorphic functions.
Definition 1. Let g € ¥, be defined by (1.2). A function f € %, is
said to be in the class ) , (o @) if it satisfies the following subordination
condition:

2[(1+a) (DR, (f < 9) () +a (DU (f ) (2)]
_ e <p(z), (L11)
p L+ ) i (f # 9)(2) + b3 (f # 9)(2)]
for some a (o > 0), where ¢ € P, FJ"\ ,,(f * g) is defined by (1.8) and
F;:,n,\J,rzl,k(f xg)(2) #0 (2 € U”).

For simplicity, we write

ﬁx,é,k(OS Q) = ?Z?A,e,k(@ .




Vol. LV (2017) Some Subclasses of Meromorphically Functions ... 7

Remark 1. In [20], Zou and Wu introduced and investigated a subclass
MS*(«) of X consisting of functions which are meromorphically a-starlike
with respect to symmetric points and satisfy the following inequality:

he{ 2 [0+ )20 () + oo/ 5 ) )]
(1 + Q)T(f * 9)(2) + az(To(f * g)) (2)

}>O (zeU),

where
Ti(f xg)(2) = S [(f xg)(2) = (f x 9)(—2)]. (1.12)

Remark 2. For a = 0 and A = { = 1, we have the class I 1,(0;¢) =
?p’k(gp), where the class F, (p) consisting of functions f,g € Z which sat-
i1sfy the following subordination condition:

2(D7(f*9)) (2)
pER ([ % 9)(=)

l\DI»—t

< ¢(2),

where ¢ € P and

T
L

Fi(f*9)(2) = & (D) (fx9)(e2) #0 (2 €U").

| =

<.
Il
o

Definition 2. Let g € ¥, be defined by (1.2). A function f € 3, is said to
be in the class G;”Lu(a ) if it satisfies the following subordination condition:

04 a) (DR, (7 #9) () +a (D5 (F#9) ()]
p[(L+ )Gy (% 9)(2) +aGi i ( + 9)(2)]

Definition 3. Let g € ¥, be defined by (1.2). A function f € ¥, is said to
be in the class NZ:‘M(Q; @) if it satisfies the following subordination condition:

<p(z) (az0)

oo @ ae) ve@iiu]
P+ H (Fr ) + ol (Fegx] 70 0

Remark 3. In [19], Zou and Wu introduced and investigated a subclass
MS?.(a) of ¥ consisting of functions which are meromorphically a-starlike
with respect to symmetric conjugate points and satisfy the following inequal-
1ty

e {_(z (14 0)(f *9) () + o=(F + 9) (2))]

[+ a)Tulf < 9)(2) (Tsc(f*g)(Z))'}>0 et
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where
To(f+0)e) =5 [(F+0)) -Tra(®)] - (13

Definition 4. Let g € ¥, be defined by (1.2). A function f € 3, is
said to be in the class 7' , 1. («; @) if it satisfies the following subordination
condition:

[0 ) (DR 19) @)+ aDE( ) ()] .
P+ )£y, (F*9) ) ol (Fra) @]
(@ =>0; £ €T pla;p)

Definition 5. Let g € ¥, be defined by (1.2). A function f € ¥, is said to
be in the class O} (v @) if it satisfies the following subordination condition:

2|04 0) (DR (F 2 9) @)+ aDRE = 9) ()] .
P [(L+ X (F + 9) (=) + axi L (f * 9)(2)] o

(a>0;x € G a; ).

Definition 6. Let g € X, be defined by (1.2). A function f € ¥, is said to
be in the class Rg?/\,e(a; w) if it satisfies the following subordination condition:

[0+ 0) (DR (F £ 9) @)+ aDRE 29 ()] .
P+ ) () et g@] 7

(> 0;m € N (a5 0).

In order to establish our main results we shall make use the following
lemmas.

Lemma 1 ([8], [12]). Let 3,7 € C. Suppose also that ¢ is convex and
unwalent in U with

#(0) =1 and Re(Bo(z)+7)>0 (z€U).

If p is analytic in U with p(0) = 1, then the following subordination:

zp (2)

T ) 1

p(2)

implies that
p(z) < o(2) -
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Lemma 2 [14]. Let 5,y € C. Suppose also that ¢ is conver and univalent
wmn U with
»(0)=1 and Re(Bo(z) +7) >0.

Also let

q(z) < ¢(z).
If p € P and satisfies the following subordination:

2p (2)
p(2) + ———— < ¢(2) ,
B G+ 0

then

p(z) < o(2) .

Lemma 3. Let f € I\, (a; ). Then

K [(1 +a) (B (f * 7)) (2) +a (ot (f = 9) (Z)} <ola). (L14)
P[0+ S c*9)(2) +abm Frgz)] 2

Furthermore, if ¢ € P with

1 l
Re<a+2x+p—pgo(z)) >0 (a>0A>0;2€U),

then

_Z (FZTA,E,k(f * g))/ (2)
PE 0 (f % 9)(2) = (2).

Proof. Making use of (1.8), we have

k—1
. 4 1 e .
R on(fxg)(ez) = 7 Z e DXy, (f % g) (ekﬂz)

n=0
Rt . )

— e,;”’.% Z e,gnﬂ)pD;f&p(f * q) (EZ+]Z)

n=0
= El:ij;,nA,Z,k(f * g)(Z) (] € {07 17 cey k— 1})(115)
and

/

(sl +9) (2) = 3 "™ (D, (F9) () - (116)
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Replacing m by m + 1 in (1.15) and (1.16), respectively, we obtain

S (Fx9)(62) = P (Fx9)(2) (G €{0,1, k =1})  (1.17)

and

e

~1
e?g(pﬂ) (DTZ;(f * g)) (eiz) ) (1.18)

> =

(Frtd (f 9) (2) =

3
Il
=)

From (1.15) and (1.18), we obtain

2| 0) (B lf +9)) () +a (B +9) ()]
p [(1 +a) B,k (f xg)(2) + aF;Ke%U * 9)(2)}

1 Z ez [(1+ ) (DR, (f + 9)) (e2) +a (DI +9)) ()] e
= —— - - A .
k =0 p [(1 + O‘)F;T)\,E,k(f * g)(e,2) + OfF;;nAJ,rel,k(f * 9)(5?«2)}
(1.19)
Moreover, since f € ) , (a5 ¢), it follows that
ez |(1+ ) (D, (f 9) (d2) +a (DYEN(S + 9) (el2)]
- - ~ < ¢(2)

p [(1 + Q)Fﬁ,\,e,k(f * 9)(6562) + CYF;TL,\TZI,k(f * 9)(€fcz)}
(7 €{0,1,....,k—1}) . (1.20)

By noting that ¢ is convex and univalent in U, we conclude from (1.19) and
(1.20) that the assertion (1.14) of Lemma 3 holds true.
Next, making use of the relationships (1.6) and (1.8), we have

, / g .
z (FZI,\,z,k(f * 9)) (Z)+<p + X) FIT)\,Z,k(f*g)(Z) “\k Gggp (D?\?Z;(f * g)) (6?62)
=0
l
= XF;?/\J,FKI,I@(]C xg)(z) (f€X,). (1.21)
Let f € I\ 41 (@; ¢) and suppose that
P(z) = = (il f 2 9)) (2) (z€U). (1.22)

PEDS k(% 9)(2)
Then v is analytic in U and ¥ (0) = 1. It follows from (1.21) and (1.22) that

_UER(Fx9)(2)

B XF;’,],\,M(JC *g)(2) 23

¢
1P — pY(2)
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From (1.22) and (1.23), we obtain

z (FgA—t_g{k(f * g)), (2) = —p)\ {Z¢ (z) + [i +p —pw(z)} w(z)} Eok(fx9)(2) (2 € U”) .

(1.24)
It now follows from (1.14) and (1.22)-(1.24) that

21+ ) (Bl +9) () +a (B + 9) (2)]
[(1+04)Fpuk(f 9)(z )‘i‘OCF;nAJFelk(f*g)( 2)]
A (2 )+ {1 +a)+ 2 [£+p—pv(z)]} ¥(z)
(1+a)+ %[5 +p—p(2)]
2y (2)
g T 25 0 —pY(z)

= P(2)+ < p(2) . (1.25)

Thus, since

12 l
Re(m+2x+p—pw(2)> >0 (a>0;A>0;z€U),

by means of (1.25) and Lemma 1, we find that

/

z (F;T,\,z,k(f *g)) (2)
PFﬁx,k(f * g)(2)

This completes the proof of Lemma 3.
By similarly applying the method of proof of Lemma 3, we can easily get
the following results for the classes G}y ,(a; ) and N7\ ().

Lemma 4. Let f € GPM( ;). Then

9(e) = - < ().

2|1+ a) (Gl +9) (2) +a (Gt = 9) (2)]
p[(L+ )Gy (% 9)(2) + aGyi(f + 9)(2)]

Furthermore, if ¢ € P with

< ¢(2)

14 14
Re<m+2x+p—pgp(z)> >0 (a>0A>0;2€U),

then

/

_F (Gz:bu(f * 9)(2))

o Fra)m) P
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Lemma 5. Let f € Ny ,(a; ). Then

2| 0) (H (T 9) (2) + o (H3H( #0)) (2)
P[0+ ) H (F+ 9)(2) + o (F+ 9)(2)]

< 9(2).
Furthermore, if p € P with

14 /
Re(E—FQX—i—p—pgo(z)) >0 (a>0A>0;z€U),

then /
7 (Hg?,\,e(f * 9)) (2)
pHng,e(f *g)(2)

In this paper, we obtain inclusion relationships integral representation,
and convolution properties for each of the following function classes which

A

we have introduced here: I, (a; ), Gy 4(a; ) and NI (a; ) as well as

< p(2).

Skl ) ,C‘;fkjg(a; ¢) and R;?/\’Z(a; ¢). The methods used here to obtain
our main results are similar to those of Wang et al. [18], Srivastava et al.
[16], and Zou et al.(][19],[20]).

2 A set of inclusion relationships

We first provide some inclusion relationships for the following function classes
?gx,e,k(% ©), G;f},\,e(% ¢) and Ng,l,\,e(@é ©) as well as sZA,z,k(@; ©), C;?A,e(as ©)
and R\ (@; ).

Theorem 1. Let ¢ € P with

L
— 9= — . . )
Re (M 204 pso(z)> >0 (a>0;A>0;z€U)
Then

Fonen(a;0) CT r(0) -

Proof. Let f € I\ ,1.(@; ¢) and suppose that

(DR, *9) (2)

=) = pF;TA,e,k(f * g)(2)

(zeU). (2.1)
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Then ¢ is analytic in U and ¢(0) = 1. It follows from (1.6) and (2.1) that

4

ADED A *9)(E) = T DR+ 9)() + T EDR(F e g)(2) . (22

Differentiating both sides of (2.2) with respect to z and using (2.1), we obtain
’ ¢ 2F7 o (f % 9) (2)
2q (2) + |~ +p+ —22= q(2)
(A Frox T+ 9)()
0z (D3p(f29)) (2)
Ap Fp,A,K,k(f * g)(2)

It now follows from (1.11), (1.22), (1.23), (2.1) and (2.3) that

(2.3)

9) () +a Dy x9) ()]
pl(1+a) p,\zk( *g)(2) + F;n,\Jrelk(f*g)( 2))

)+ {0 +a)+ 9 [5+p—pe(x)] }a(2)
(1+a) AL+ p—p(z)]

_ ZQ()
= q<z)+%+2§+p—p¢)(2’) < p(z) . (2.4)

2| (1+a) (DR, (f

Moreover, since

14 14
Re<m+2x+p—pgp(z)> >0 (a>0A>0;2z€U),

by Lemma 3, we have

2 (En(frg) ()
pFﬁ\,é,k(f * g)(2)

Thus, by (2.4) and Lemma 2, we find that

¥(z) = < p(2).

q(2) < ¢(2)
that is, that f € I , (). This implies that
3:;7},\,13,1;(043 @) C 35;,1,\,@,1@(@) .

The proof of Theorem 1 is evidently completed.
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In view of Lemmas 4 and 5, and by similarly applying the method of proof
of Theorem 1, we can easily obtain the inclusion relationships G ,(c; ) C

A

G () and R (o 0) C N ().
Theorem 2. Let ¢ € P with

12 14
Re(m+2x+p—pg0(z)> >0 (a>0A>0;2z€U).

Then

%ZA,e,k(% @) C %gf,\,e,k(@)

Proof. Let f € S\ 1. (a; ) and suppose that

2 (DR, (f 9) (2)
p(z) = Pl (T % 9)(2) (zeU). (2.5)

Then p is analytic in U and p(0) = 1. It follows from (1.6) and (2.5) that

- it
p(2) £ u(f*9)(2) = _/\_pDK?Zp(f *g)(2) + TD?z,p(f*g)(Z) . (2.6)

Differentiating both sides of (2.6) with respect to z and using (2.5), we have
/ l Z(fm,\ek(f*g))/(z)
() + | s+ — p(2)
<>‘ £p,)\,€,k(f *g)(2)
2 (Dp ) ()
Ap £$A,£,k(f*g)(z)
Furthermore, we suppose that
z (fg,b,\,e,k(f *9)) (2)
pLy k(¥ 9)(2)

The remainder of the proof of Theorem 2 is similar to that of Theorem 1.
We, therefore, choose to omit the analogous details involved. We thus find
that

p(z) = — (zeU).

p(z) < ¢(2),
which implies that f € 37 , .(#). The proof of Theorem 2 is thus completed.

In view of Lemmas 4 and 5, and by similarly applying the method of proof
of Theorem 2, we can easily obtain the inclusion relationships C;’f/w(a; @) C

CY;Y,L,\,Z(SO) and RZA,@(CYS @) C R;?M(go).
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In view of Lemmas 3 to 5, and by similarly applying the method of proofs
of Theorems 1 and 2 obtained by Srivastava et al. [16], we can easily obtain
the following inclusion relationships.

Corollary 1. Let p € P with

l
Re(x—kp—pgo(z)) >0 A>0;z€U).

Then
ﬁi;,k(sﬂ) C I erlp) -

The result of Corollaryl also holds true for the classes G;‘ﬁ(go) and
Ry ()-
Corollary 2. Let ¢ € P with

Re(§+p—pgo(z)) >0 A>0;z€U).

Then

%ij\jk(@ C Ihen(e) -

The result of Corollary2 also holds true for the classes CA’;”/\* /(¢) and
By ().

Remark 3. (i) Putting m = O,f = oy and g is given by (1.7), in
Theorem 1, we obtain the result obtained by Wang et al [18];

(ii) Putting g = == (or b, = 1), in Theorem 1, we obtain the result

1-z
obtained by Aouf et al [3] .

3 Integral representation

In this section, we prove a number of integral representations associated with
the function classes I , .(0), G (@) and NI /(@)
Theorem 3. Let f € I ,,.(v). Then

k—1 *

Fuf o) = |2y [HUAD Zge) o a)

=Y o

where 77 , . (f * g) is defined by (1.8) and w is analytic in U with w(0) =0
and |w(z)| <1 (z € U).
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Proof. Suppose that f € 7% ,.(¢). We observe that the condition (1.11)
(with a = 0) can be written as follows:

_Z]E?’;\ljj:{f* gg))é)z) =pw(z) (z€U), (3.2)

*9)
where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
Replacing z by ¢,z (j =0,1,....,k — 1) in (3.2), we find that (3.2) also holds
true, that is, that

az (D5 *9) (d2)
pr,A,z,k(f * g)(€x2)

= (w(eiz)) (z€U). (3.3)

We note that

F;,n/\,f,k(f * g)(eiz) = el;ijg,n)\,Z,k(f xg)(z) (z€U).

Thus, by letting j = 0,1,....,k — 1 in (3.3), successively, and summing the
resulting equations, we get

Z(F;n,\m(f (2) 14

- — (e12)) (ze€U). (3.4)
prMk(f*g 2) kz% F

We next find from (3.4) that

(Fpaeald #9)) () p _ —p = o (w(e2) — 1
puk(f*g)( z) z k

which, upon integration, yields

log (/Fjh alf + )(2)) = LY / plulad) ~ 1, (3

The assertion (3.1) of Theorem 3 can now easily be derived from (3.6).
Theorem 4. Let f € I\ ,,.(p). Then

z

k‘

¢ -
DY) = o [ oty | Y [EHED = Re) .

0 J

I\
o

(3.7)
where w is analytic in U with w(0) =0 and |w(2)| <1 (2 € U).
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Proof. Suppose that f € 3 ,,(p). Then, in light of (3.1) and (3.2), we

have
(D3 +9)) (2) = ~EehaslT 200 i)
— T plw(de) ~ 1
= (e | £ [EEEI ) )

Il
o

7=0"0
which, upon integration, leads us easily to the assertion (3.7) of Theorem 4.

In view of Lemma 3, we can obtain another integral representation for
the function class I ,,.().

Theorem 5. Let f € F)'\ ,,.(p). Then

z

DIy (f % 9)( =—p/<p ). exp —p/%d& ac,

0

(3.9)
where the function w; (j = 1,2) are analytic in U with w;(0) = 0 and
lwi(2)] <1 (z€U;j=1,2).

Proof. Suppose that f € I7% , . (¢). We then find from (1.14) (with a = 0)
that )
z (anuk(f *9)) (2)
T Tm = p(wi(z)) (z€l),
PE o (f % 9)(2)
where w; is analytic in U and w;(0) = 0. Thus, by similarly applying the
method of proof of Theorem 3, we find that

Fvuulf #9)) == oexp (= | plwn(§) ~ 1

d . .
[ 5% ¢ (3.11)

From (3.2) and (3.11), we have

(D7, (Frg) () = ~obeal /2D - oy

z

z

= —pz P p(wy(2)). exp —p/

0

p(wi(§)) — 1
§

where the functions w;(z) (j = 1,2) are analytic in U with w;(0) = 0 and
lwij(2)] < 1 (2 € U;j = 1,2). Upon integrating both sides of (3.12),
readily arrive at the assertion (3.9) of Theorem 5.

| | (3.12)
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Remark 4. The result of Theorem 5 also holds true for the classes é$A7£(g0)
and ¥ /(). So we omit the details involved.

In view of Lemmas 4 and 5, and by similarly applying the methods of
proof of Theorems 3 and 4, we can easily obtain the results for the function
classes G\ ,(¢) and N7\ /().
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