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Abstract

1This paper first introduces a new approach for studying bi-capacities and the bipolar Cho-
quet integrals based on ternary-element sets. In the second half of the paper, we extend
our approach to bi-capacities on fuzzy sets. Then, we propose a model of bipolar Choquet
integral with respect to bi-capacities on fuzzy sets, and we give some basic properties of
this model.
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1 Introduction

The Choquet integral with respect to a capacity
[4] (fuzzy measure [13, 2, 14], non-additive mea-
sure [6], or generalized measure [15]) was proposed
by Murofushi and Sugeno [12]. It was introduced
by Choquet [4] in potential theory with the concept
of capacity. Wu and Huang [16] generalized Cho-
quet integral on fuzzy sets.

The area of applications of capacity and Cho-
quet integral, has been greatly expanded in the dif-
ferent fields, especially in the field of decision the-
ory. However, classical capacity and Choquet in-
tegral are not suitable in some situations such as
decision behaviors, in particular when the underly-
ing scales are bipolar (see, [11]). Recently, Gra-
bisch and Labreuche [7] proposed the concept of
bi-capacity as a generalization of capacities, who
consider the case where scores are expressed on a
bipolar scale.

The bipolar Choquet integral with respect to bi-
capacities introduced in [8] as a generalization of

the Choquet integral. An exhaustive survey of bipo-
larity and its possible applications has been pub-
lished [9]. A further generalization is that of level-
dependent bipolar Choquet integral [10].

The aim of the paper is to presents a bi-
capacities and its integrals on fuzzy sets. First, we
present a new approach for studying bi-capacities
and the bipolar Choquet integrals through introduc-
ing a notion of ternary-element sets, which is al-
ternative approach from defined by Grabisch and
Labreuche [7], [8]. It is important approach be-
cause attaching a polarity to each element is an eas-
ier than attaching a polarity to sets, and allows a
simple way to prove new results on bi-capacities
and its integrals as it was done for capacities. Con-
sequently, according to this approach, we introduce
bi-capacities on fuzzy sets. Then, we propose a
model of bipolar Choquet integral with respect to
bi-capacities on fuzzy sets, and we give some basic
properties of this model.

The structure of the paper is as follows. In the
next section we introduce a new approach of ca-

1This paper is an extended and revised version of a paper presented in the IEEE SSCI 2014 conference [1]
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pacities and its integrals based on binary-element
sets. Section 3 presents bi-capacities and its inte-
grals based on ternary-element sets. In Section 4,
we introduce the Choquet integral on fuzzy sets. In
Section 5, we propose the bipolar Choquet integral
with respect to bi-capacity on fuzzy sets. The paper
finishes with some conclusions. Throughout the pa-
per, we will consider R + or [0,1] to be prototypical
unipolar scales, while R and [−1,1] with 0 as neu-
tral level will be considered as prototypical bipolar
scales.

2 Capacities and its integrals based
on bi-element sets

2.1 Capacities based on bi-element sets

In the context of multi-criteria decision making
problem, we shall consider each single criterion has
either positive effect (i.e., positively important crite-
rion of weighted evaluation not only alone but also
is interactive with other) or has negative effect (i.e.,
negatively important criterion). Therefore, it is nec-
essary that we deal with the concept of the “nega-
tively important criterion”, that is, the existence of
some criteria harms the evaluation of others. Thus,
we can represent the criterion i as i+ whenever i is
positively important, and as i− whenever i is nega-
tively important, and we call this element a binary-
element (or simply bi-element).

The binary-element set (or simply bi-element
set) is the set which contains either i+ or i− for
all i, i = 1, . . . ,n. That is, a bi-element set A is
the set of the form A := {τ1, . . . ,τn} where τi =
i+ or i−, ∀i = 1, . . . ,n. Accodingly, we can define
the characteristic function of an element i for the
desired bi-element set A as follows:

χA(i) =
{

1 iff i+ ∈ A,
0 iff i− /∈ A.

For this situation, we can describe the set of all pos-
sible combinations of binary elements of n criteria
(the set of all bi-element sets) given by

B := {{τ1, . . . ,τn} | ∀ τi ∈ {i+, i−}, i = 1, . . . ,n},

which is corresponds to power set in the notation of
classical set theory. The set of all bi-element sets B
can be identified with {0,1}n, hence |B|= 2n. Also,

any bi-element set A ∈ B can be written as a bi-
nary alternative denoted by (τ1, . . . ,τn) with τi = 1
if i+ ∈ A and τi = 0 if i− ∈ A, i = 1, . . . ,n.

We introduce the inclusion relation ⊆, cardinal-
ity, complement, difference, union, and intersection
of bi-element sets of B as follows.

– Let B be the set of all bi-element sets and A, B∈
B . Then, A ⊆ B iff ∀ i ∈ X := {1, . . . ,n},

if i+ ∈ A implies i+ ∈ B. (1)

Note that, X− := {1−, . . . ,n−} ⊆ A and X+ :=
{1+, . . . ,n+} ⊇ A, ∀ A ∈ B.

– The cardinality of the bi-element set A ∈ B is
number of important elements i+ in A, denoted
by a+. That is,

a+ = |A|=
n

∑
i=1

χA(i+), (2)

where χA(i+) =
{

1 if i+ ∈ A,
0 if i+ /∈ A.

– For any bi-element set A ∈ B , we de-
fine the complement of A by Ac =
{ {τ1

c, . . . ,τi
c, . . . ,τn

c} | ∀ τi ∈ A with (i+)c =
i−, (i−)c = i+ }.

– Let B be the set of all bi-element sets and A, B∈
B . Then, the set difference of A whenever A ⊆ B
is defined by
B\A = {τk\τ j : τ j ∈ A, τk ∈ B, j = 1, . . . ,n, k =
1, . . . ,n}, with
i+\i−= i+, i+\i+ = i−, i−\i−= i−, i= 1, . . . ,n.

– Let B be the set of all bi-element sets and A, B∈
B . The union, A∪B of A and B is defined by,
A ∪ B = {τ j ∨ τk : τ j ∈ A, τk ∈ B, j =
1, . . . ,n, k = 1, . . . ,n}, with
i+ ∨ i− = i+, i+ ∨ i+ = i+, i− ∨ i− = i−, i =
1, . . . ,n.

– Let B be the set of all bi-element sets and A,B ∈
B . The intersection, A∩B of A and B is defined
by,
A ∩ B = {τ j ∧ τk : τ j ∈ A, τk ∈ B, j =
1, . . . ,n, k = 1, . . . ,n}, with
i+ ∧ i− = i−, i+ ∧ i+ = i+, i− ∧ i− = i−, i =
1, . . . ,n.

The following definition is equivalent definition
of capacities based on notion of bi-element sets.
Definition 1 Let B be the set of all bi-element sets.
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A set function (i) µ(X−) = µ({1−, . . . ,n−}) = 0 and
µ(X+) = µ({1+, . . . ,n+}) = 1.
(ii) ∀ A, B ∈ B, A ⊆ B implies µ(A)≤ µ(B).

We interpret a value µ(A) of a capacity, as the
“degrees of importance” of bi-element set A ∈ B .
A capacity µ(A) in the context of multicriteria deci-
sion aid, when alternatives are evaluated on the [0,
1] unipolar scale, assigns to every A ∈ B a number
in [0, 1], which is the overall score of the binary al-
ternative (τ1, . . . ,τn) with τi = 1 (full satisfaction)
if i+ ∈ A, i.e. on positively important elements in
A, and τi = 0 (full non satisfaction) if i− ∈ A, i.e.
according to the negatively important elements in
A. For example, in evaluating students in a high
school with respect to three subjects: Mathematics
(M), Physics (P) and Literature (L). The alterna-
tive consists of observing the subjects where a stu-
dent has qualified. The possible outcomes of the
alternative are the set of all possible combinations
of binary elements of criteria M, P, and L. That is,
B = {{M+,P−,L−},{M−,P+,L−},{M−,P−,L+},
{M+,P+,L−},{M+,P−,L+},{M−,P+,L+},
{M+,P+,L+},{M−,P−,L−}}. For instance, the
meaning of the bi-element set {M+,P+,L−} is as
follows: the alternative on the set of subjects M, P,
and L in which Mathematics and Physics are pos-
itively important while Literature is negatively im-
portant. Thus, the capacity µ({M+,P+,L−}) is in-
terpreted as the overall assessment of the bi-element
set {M+,P+,L−}.

2.2 The Choquet integral based on the bi-
element sets

In this subsection, we introduce an equiva-
lent model of Choquet integral with respect to ca-
pacities based on the bi-element sets. We as-
sume that to each alternative in multi-criteria deci-
sion making problem is described by a vector x =
(x1+ , . . . ,xi+ , . . . ,xn+), xi+ ∈ R with i ∈ {1, . . . ,n},
and we consider a bi-element set X+ = {i+| xi+ ∈
R for each i ∈ {1, . . . ,n}}. Thus, we define the
Choquet integral with respect to capacity of real in-
put x as follows.
Definition 2 Let B(X) be the set of all bi-element
sets and µ : B(X)→ [0, 1], be a capacity based on
bi-element set. Then Choquet integral of x with re-
spect to µ is given by

Chµ(x) =
n

∑
i=1

[xσ(i+)− xσ((i+1)+)] µ({Aσ(i+)}), (3)

where Aσ(i+) = {σ(1+), · · · ,σ(i+),σ((i +
1)−),σ((i+ 2)−), · · ·} is bi-element set ⊆ X+, and
σ is a permutation on X+ so that xσ(1+) ≥ ·· · ≥
xσ(n+) with the convention xσ((n+1)+) := 0.

An equivalent expression for the equation (3) is

Chµ(x) =
n

∑
i=1

xσ(i+)[µ({Aσ(i+)})−µ({Aσ((i−1)+)})] (4)

with the same notation above and µ({A0}) := 0.

From the definition of the Choquet integral with
respect to capacity based on bi-element set, we im-
mediately see the following property.

Proposition 1 Let B(X) be the set of all bi-element
sets and µ : B(X)→ [0, 1], be a capacity based on
bi-element set. Then Choquet integral of x with re-
spect to µ is given by

Chµ(x) =
n

∑
i=1

[xσ(i+)− xσ((i−1)+)] µ({Aσ(i+)}), (5)

or as

Chµ(x) =
n

∑
i=1

xσ(i+)[µ({Aσ(i+)})−µ({Aσ((i+1)+)})] (6)

where Aσ(i+) = {· · · ,σ((i − 2)−),σ((i −
1)−),σ(i+), · · · ,σ(n+)} is bi-element set ⊆ X+,
and σ is a permutation on X+ so that xσ(1+) ≤
·· · ≤ xσ(n+) with the convention xσ((0)+) := 0 and
µ({A(n+1)+}) := 0.

For the sake of clarity, let us give the following
numerical example.
Example 1: For n = 3, let us consider x =
(4,6,−3). Applying the Choquet integral with
respect to the capacity based on bi-element sets
(Formula (3)) we obtain Chµ(4,6,−3) = (6 −
4) µ({2+,1−,3−})+(4− (−3)) µ({2+,1+,3−})+
(−3 − 0) µ({2+,1+,3+}) = 2 µ({2+,1−,3−}) +
7 µ({2+,1+,3−})−3µ({2+,1+,3+}).

3 Bi-capacities and its integrals
based on ter-element sets

3.1 Bi-capacities based on ter-element sets

In this subsection, we will extend the scale of
capacities to the bipolar scale [−1,1] and we gener-
alize the concept of binary-element sets to ternary-
element sets, then we give equivalent definitions of
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bi-capacities based on ternary-element sets. So we
are going to work on the scale [-1, 1] and we will
say that [0,1] is the degree of satisfaction (or “posi-
tive part”) and [-1,0] the degree of non satisfaction
(or “negative part”), where 1 is the full satisfac-
tion and -1 the full non satisfaction. In this con-
struction an interesting point is 0. It is the middle
point between the full satisfaction and the full non-
satisfaction. So we will consider that it represents
the “neutral part”.

The idea is to extend the notion of bi-element
sets, and define a concept that gathers all combina-
tions of positive, negative, and neutral values on the
criteria. For this situation, we assume that, for every
criterion i has either positive effect (i.e., i is pos-
itively important criterion), or has negative effect
(i.e., i is negatively important criterion), or has no
effect (i.e., i is criterion at neutral level). Hence, we
represent the element i as i+ whenever i is positively
important, as i− whenever i is negatively important,
and as i /0 whenever i is neutral, and we call this
element a ternary-element (or simply ter-element).
The ternary-element set (or simply ter-element set)
is the set which contains only out of i+, i−, and i /0

for all i, i = 1, · · · ,n. Thus, in our model we con-
sider the set of all possible combinations of ternary
elements of n criteria given by

T := {{τ1, · · · ,τn} | ∀ τi ∈{i+, i−, i /0}, i= 1, · · · ,n},

which corresponds to Q in the notation of classical
bi-capacities ([7]).
Note that, T can be identified with {−1,0,1}n,
hence |T | = 3n. Also, simply remark that for any
ter-element set A ∈ T , A is equivalent to a ternary
alternative (τ1, . . . ,τn) with τi = 1 if i+ ∈ A, τi = 0
if i /0 ∈ A, and τi =−1 if i− ∈ A; ∀ i = 1, . . . ,n.

We introduce the order relation ⊑ between ter-
element sets of T as follows.
Definition 3 Let T be the set of all ter-element sets
and A,B ∈ T . Then, A ⊑ B iff ∀ i ∈ X ,

“if i+ ∈ A implies i+ ∈ B”, and

“if i /0 ∈ A implies i+ or i /0 ∈ B”. (7)

Note that, X− = {1−, . . . ,n−} ⊑ A and X+ =
{1+, . . . ,n+} ⊒ A, ∀ A ∈ T .

Based on the notion of ter-element sets, the fol-
lowing definition gives an equivalent definition of
bi-capacities.

Definition 4 Let T be the set of all ter-element sets.
A set function ν : T → [−1,1], is called bi-capacity
if it satisfies the following requirements:
(i) ν(X−) = ν({1−, · · · ,n−}) = −1, ν(X /0) =
ν({1 /0, · · · ,n /0}) = 0, and ν(X+) =
ν({1+, · · · ,n+}) = 1,
(ii) ∀ A,B ∈ T , A ⊑ B implies ν(A)≤ ν(B).

Bi-capacity based on ter-element set
ν(A), ∀ A ∈ T is exactly the overall score or util-
ity of the ternary alternative (τ1, . . . ,τn) with τi = 1
(full satisfaction) if i+ ∈ A, i.e. on positively impor-
tant elements in A, τi =−1 (full non satisfaction) if
i− ∈ A, i.e. on negatively important elements in A,
and τi = 0 (neutral) if i /0 ∈ A, i.e. according to the
neutral elements in A.

3.2 The order ⊆ on T

Bi-capacities are functions defined on the struc-
ture of the underlying partially ordered set [5].
There are several orders on the structure Q have in-
troduced by Grabisch and Labreuche [7] and Bil-
bao et al. [3]. In this subsection, we introduce
an order on the structure T different from the or-
der (⊑) described in Subsection 3.1 (Definition 3).
We consider the following definition of an order
on T which is equivalent to Bilbao order on bi-
cooperative game [3]. For convenience, we denote
by ⊆ the order relation defined on T as in the equa-
tion (1), and we will use the order ⊆ on T to estab-
lish our next results of this research.
Definition 5 Let T be the set of all ter-element sets
and A,B ∈ T . Then, A ⊆ B iff ∀ i ∈ X ,

“if i+ ∈ A implies i+ ∈ B”,

and “if i− ∈ A implies i− ∈ B”. (8)

Furthermore, in this order:

– the number of positively important elements i+

of the ter-element set A ∈ T , denoted by a+, is

defined as a+ =
n

∑
i=1

χA(i+), where,

χA(i+) =
{

1 if i+ ∈ A,
0 if i+ /∈ A.

– the number of negatively important elements i−

of the ter-element set A ∈ T , denoted by a−, is

defined as a− =
n

∑
i=1

χA(i−), where,
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χA(i−) =
{

1 if i− ∈ A,
0 if i− /∈ A.

– the cardinality of the ter-element set A ∈ T is

a = |A|= a++a−. (9)

– for any ter-element set A ∈ T , we define the
complement of A by
Ac = { {τ1

c, . . . ,τi
c, . . . ,τn

c} | ∀ τi ∈ A with
(i+)c = i−, (i−)c = i+ , and (i /0)c = i /0 }.

– for all A, B ∈ T , the set difference of A when-
ever A ⊆ B is defined by B\A = {τk\τ j : τ j ∈
A, τk ∈ B, j = 1, . . . ,n, k = 1, . . . ,n}, with
i+\i /0 = i+, i−\i /0 = i−, i /0\i /0 = i /0, i+\i+ =
i /0, i−\i− = i /0, i = 1, . . . ,n.

– for all A, B ∈ T , the union, A∪B of A and B is
defined by,
A ∪ B = {τ j ∨ τk : τ j ∈ A, τk ∈ B, j =
1, . . . ,n, k = 1, . . . ,n}, with i+ ∨ i− = i+, i+ ∨
i /0 = i+, i−∨ i /0 = i−, i = 1, . . . ,n.

– for all A,B ∈ T , the intersection, A∩B of A and
B is defined by,
A ∩ B = {τ j ∧ τk : τ j ∈ A, τk ∈ B, j =
1, . . . ,n, k = 1, . . . ,n}, with i+ ∧ i− = i−, i+ ∧
i /0 = i /0, i−∧ i /0 = i /0, i = 1, . . . ,n.

3.3 The bipolar Choquet integral based on
the ter-element sets

In this subsection, we present bipolar Choquet
integral model with respect to bi-capacity based on
the ter-element set of real input x. The basic idea
underlying this model is for an input vector x =
(xτ1 , . . . ,xτi , . . . ,xτn), xτi ∈ R with i ∈ {1, . . . ,n},
we consider a ter-element set X∗ := {τ1, . . . ,τn}
with τi = i+ if xτi > 0, τi = i− if xτi < 0, and τi = i /0

if xτi = 0; ∀ i= 1, . . . ,n. Thus, we define the bipolar
Choquet integral with respect to bi-capacity based
on ter-element set of real input x as follows.

Definition 6 Let T (X) be the set of all ter-element
sets and ν : T (X)→ [−1, 1], be a bi-capacity based
on ter-element set. Then, the bipolar Choquet inte-

gral of x with respect to ν is given by

Chν(x) =
n

∑
i=1

[|xσ(τi)|− |xσ(τi+1)|] ν({Aσ(τi)}), (10)

where τi ∈ {i+, i−, i /0}, Aσ(τi) = {σ(τ1), · · · ,σ(τi),

σ((i+1) /0),σ((i+2) /0), · · ·} is ter-element set ⊆
X∗, and σ is a permutation on X∗ so that |xσ(τ1)| ≥
· · · ≥ |xσ(τn)| with the convention xσ(τn+1) := 0.

An equivalent expression for the equation (9) is

Chν(x) =
n

∑
i=1

|xσ(τi)|[ν({Aσ(τi)})−ν({Aσ(τ(i+1))})] (11)

with the same notation above and ν({A0}) := 0.

From the definition of the bipolar Choquet in-
tegral with respect to the bi-capacity based on
ter-element set, we immediately see the following
property.

Proposition 2 Let T (X) be the set of all ter-
element sets and ν : T (X) → [−1, 1], be a bi-
capacity based on ter-element set. Then, the bipolar
Choquet integral of x with respect to ν is given by

Chν(x) =
n

∑
i=1

[|xσ(τi)|− |xσ(τi−1)|] ν({Aσ(τi)}), (12)

or as

Chν(x) =
n

∑
i=1

|xσ(τi)|[ν({Aσ(τi)})−ν({Aσ(τ(i−1))})] (13)

where τi ∈ {i+, i−, i /0}, Aσ(τi) = {· · · ,σ((i−2) /0),

σ((i−1) /0),σ(τi), · · · ,σ(τn)} is ter-element set ⊆
X∗, and σ is a permutation on X∗ so that |xσ(τ1)| ≤
· · · ≤ |xσ(τn)| with the convention xσ(τ0) := 0 and
ν({An+1}) := 0.

The following numerical example illustrates the
use of the bipolar Choquet integral with respect to
bi-capacity based on the ter-element sets.
Example 2: [Example 1 continued] Applying the
bipolar Choquet integral with respect to bi-capacity
based on the ter-element sets (Formula (10)) we ob-
tain Chν(4,6,−3) =
(6− 4) ν({2+,1 /0,3 /0})+ (4− 3) ν({2+,1+,3 /0})+
(3−0) ν({2+,1+,3−})
= 2 ν({2+,1 /0,3 /0}) + ν({2+,1+,3 /0}) +
3 ν({2+,1+,3−}).
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Proposition 3 For positive input vectors the bipo-
lar Choquet integral with respect to bi-capacity and
Choquet integral with respect to capacity coincide.

Proof: Clear from the definition of the bipolar Cho-
quet integral with respect to the bi-capacity based
on the ter-element sets.

4 Choquet integral on fuzzy sets

In this section, we propose a new approach for
studying Choquet integral on fuzzy sets through
introducing a notion of fuzzy binary-element sets,
which is alternative approach from defined by Wu
and Huang [16].

4.1 Fuzzy bi-element sets

For any bi-element set A ∈ B , the characteristic
function MA(i) can be defined by MA(i) = 1 iff i+ ∈
A and MA(i) = 0 iff i− ∈ A. A fuzzy bi-element
set is any bi-element set that allows its members to
have different degree of membership, called mem-
bership function, in the interval [0, 1]. We then de-
fine a fuzzy bi-element set as follows.
Definition 7 A fuzzy bi-element set Ã is the set
Ã= {(τi,MÃ(i))| τi ∈{i+, i−}, i= 1, · · · ,n}, where
the value MÃ(i) is called degree of membership of
i in Ã with MÃ(i) ∈ (0,1] iff τi = i+ and MÃ(i) =
0 iff τi = i−.

We denote the set of all fuzzy bi-element sets
by B̃ , and we introduce the complement, inclusion
relation, union, and intersection between fuzzy bi-
element sets of B̃ as follows.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã ∈ B̃ . The complement, Ãc of Ã is defined by
the following membership function, MÃc(i) =
1−MÃ(i), where the value MÃ(i), τi ∈ {i+, i−},
is called degree of membership of i in Ã with
MÃ(i) ∈ [0,1].

– Let B̃ be the set of all fuzzy bi-element sets
and Ã, B̃ ∈ B̃ . Then, B̃ ⊆ Ã holds iff
MB̃(i)≤ MÃ(i), for each τi ∈ {i+, i−}.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã, B̃ ∈ B̃ . The union, Ã∪ B̃ of Ã and B̃ is defined
by, MÃ∪B̃(i) =
MÃ(i) ∨ MB̃(i) for each τi ∈ {i+, i−}.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã, B̃ ∈ B̃ . The intersection, Ã∩ B̃ of Ã and B̃ is
defined by, MÃ∩B̃(i) =
MÃ(i) ∧ MB̃(i) for each τi ∈ {i+, i−}.

4.2 Capacity on fuzzy sets

Let us consider algebras of fuzzy bi-element
sets as a base for defining capacities on fuzzy sets,
and we shall always denote a fuzzy algebra of fuzzy
bi-element sets by B̃ .
Definition 8 A fuzzy algebra B̃ is a nonempty sub-
class of B̃ with the following properties:
(i) {1−, · · · ,n−} and {1+, · · · ,n+} ∈ B̃
(ii) If Ã, B̃ ∈ B̃ , then Ã∪ B̃ ∈ B̃ ,
(iii) If Ã ∈ B̃ then Ãc ∈ B̃ .

Based on the above definitions, we define ca-
pacity on fuzzy sets as follows.
Definition 9 A fuzzy set function µ̃ : B̃ → [0,∞], is
called capacity on fuzzy sets if it satisfies the follow-
ing requirements:
µ̃({1−, · · · ,n−}) = 0,
µ̃(B̃)≤ µ̃(Ã) whenever B̃, Ã ∈ B̃ with B̃ ⊆ Ã.

4.3 Choquet Integral based on bi-element
sets on fuzzy sets

In this subsection, we can generalize the defi-
nition of Choquet integral based on bi-element sets
(Definition 2) to fuzzy capacities on fuzzy sets. The
Choquet integral based on bi-element sets of real
input x with respect to capacity on fuzzy sets µ̃ we
will denote by Cµ̃(x), and we define it as follows.
Definition 10 Let µ̃ be a capacity on fuzzy set. The
Choquet integral of x with respect to µ̃ is given by

Cµ̃(x) =
n

∑
i=1

[xσ(i+)− xσ((i+1)+)]µ̃({Ãσ(i+)}), (14)

where Ãσ(i+) = {(σ(1+),MAσ(1+)
(σ(1+))), · · · ,

(σ(i+),MAσ(i+)
(σ(i+))),(σ((i+1)−),0), · · · ,

(σ(n−),0)}, and σ is a permutation on X̃+ so
that xσ(1+) ≥ ·· · ≥ xσ(n+) with the convention
xσ((n+1)+) := 0. An equivalent expression for the
equation (14) is

Cµ̃(x) =
n

∑
i=1

xσ(i+)[µ̃({Ãσ(i+)})− µ̃({Ãσ((i−1)+)})] (15)

with the same notation above and µ̃({Ã0}) := 0.
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Proposition 3 For positive input vectors the bipo-
lar Choquet integral with respect to bi-capacity and
Choquet integral with respect to capacity coincide.

Proof: Clear from the definition of the bipolar Cho-
quet integral with respect to the bi-capacity based
on the ter-element sets.

4 Choquet integral on fuzzy sets

In this section, we propose a new approach for
studying Choquet integral on fuzzy sets through
introducing a notion of fuzzy binary-element sets,
which is alternative approach from defined by Wu
and Huang [16].

4.1 Fuzzy bi-element sets

For any bi-element set A ∈ B , the characteristic
function MA(i) can be defined by MA(i) = 1 iff i+ ∈
A and MA(i) = 0 iff i− ∈ A. A fuzzy bi-element
set is any bi-element set that allows its members to
have different degree of membership, called mem-
bership function, in the interval [0, 1]. We then de-
fine a fuzzy bi-element set as follows.
Definition 7 A fuzzy bi-element set Ã is the set
Ã= {(τi,MÃ(i))| τi ∈{i+, i−}, i= 1, · · · ,n}, where
the value MÃ(i) is called degree of membership of
i in Ã with MÃ(i) ∈ (0,1] iff τi = i+ and MÃ(i) =
0 iff τi = i−.

We denote the set of all fuzzy bi-element sets
by B̃ , and we introduce the complement, inclusion
relation, union, and intersection between fuzzy bi-
element sets of B̃ as follows.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã ∈ B̃ . The complement, Ãc of Ã is defined by
the following membership function, MÃc(i) =
1−MÃ(i), where the value MÃ(i), τi ∈ {i+, i−},
is called degree of membership of i in Ã with
MÃ(i) ∈ [0,1].

– Let B̃ be the set of all fuzzy bi-element sets
and Ã, B̃ ∈ B̃ . Then, B̃ ⊆ Ã holds iff
MB̃(i)≤ MÃ(i), for each τi ∈ {i+, i−}.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã, B̃ ∈ B̃ . The union, Ã∪ B̃ of Ã and B̃ is defined
by, MÃ∪B̃(i) =
MÃ(i) ∨ MB̃(i) for each τi ∈ {i+, i−}.

– Let B̃ be the set of all fuzzy bi-element sets and
Ã, B̃ ∈ B̃ . The intersection, Ã∩ B̃ of Ã and B̃ is
defined by, MÃ∩B̃(i) =
MÃ(i) ∧ MB̃(i) for each τi ∈ {i+, i−}.

4.2 Capacity on fuzzy sets

Let us consider algebras of fuzzy bi-element
sets as a base for defining capacities on fuzzy sets,
and we shall always denote a fuzzy algebra of fuzzy
bi-element sets by B̃ .
Definition 8 A fuzzy algebra B̃ is a nonempty sub-
class of B̃ with the following properties:
(i) {1−, · · · ,n−} and {1+, · · · ,n+} ∈ B̃
(ii) If Ã, B̃ ∈ B̃ , then Ã∪ B̃ ∈ B̃ ,
(iii) If Ã ∈ B̃ then Ãc ∈ B̃ .

Based on the above definitions, we define ca-
pacity on fuzzy sets as follows.
Definition 9 A fuzzy set function µ̃ : B̃ → [0,∞], is
called capacity on fuzzy sets if it satisfies the follow-
ing requirements:
µ̃({1−, · · · ,n−}) = 0,
µ̃(B̃)≤ µ̃(Ã) whenever B̃, Ã ∈ B̃ with B̃ ⊆ Ã.

4.3 Choquet Integral based on bi-element
sets on fuzzy sets

In this subsection, we can generalize the defi-
nition of Choquet integral based on bi-element sets
(Definition 2) to fuzzy capacities on fuzzy sets. The
Choquet integral based on bi-element sets of real
input x with respect to capacity on fuzzy sets µ̃ we
will denote by Cµ̃(x), and we define it as follows.
Definition 10 Let µ̃ be a capacity on fuzzy set. The
Choquet integral of x with respect to µ̃ is given by

Cµ̃(x) =
n

∑
i=1

[xσ(i+)− xσ((i+1)+)]µ̃({Ãσ(i+)}), (14)

where Ãσ(i+) = {(σ(1+),MAσ(1+)
(σ(1+))), · · · ,

(σ(i+),MAσ(i+)
(σ(i+))),(σ((i+1)−),0), · · · ,

(σ(n−),0)}, and σ is a permutation on X̃+ so
that xσ(1+) ≥ ·· · ≥ xσ(n+) with the convention
xσ((n+1)+) := 0. An equivalent expression for the
equation (14) is

Cµ̃(x) =
n

∑
i=1

xσ(i+)[µ̃({Ãσ(i+)})− µ̃({Ãσ((i−1)+)})] (15)

with the same notation above and µ̃({Ã0}) := 0.
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For the sake of clarity, let us give the following
numerical example.
Example 3: [Example 1 continued] For n = 3, let
us consider x = (4, 6, − 3). The bipolar Choquet
integral of x with respect to µ̃ is calculated as (For-
mula (14)): Cµ̃(x) =
(6−4) µ̃({(2+,MA2+

(2+)),(1−,0),(3−,0)})+
(4−3) µ̃({(2+,MA2+

(2+)),(1+,MA1+
(1+)),(3−,0)})

+(3−0)µ̃({(2+,MA2+
(2+)),(1+,MA1+

(1+)),
(3+,MA3+

(3+))}).
Note that the definition 10 remains valid if µ̃

is a capacity on crisp set and the Choquet integral
with respect to capacity on fuzzy sets reduces to
Choquet integral with respect to capacity on crisp
set.

5 Bipolar Choquet Integral on
fuzzy sets

5.1 Fuzzy ter-element sets

For any ter-element set A ∈ T , the character-
istic function MA(i), can be defined by MA(i) =
1 iff i+ ∈ A, MA(i) =−1 iff i− ∈ A, and MA(i) =
0 iff iϕ ∈ A. A fuzzy ter-element set is any ter-
element set that allows its members to have differ-
ent degree of membership, called membership func-
tion MA(i), in the interval [−1, 1]. We then define
a fuzzy ter-element set as follows.
Definition 11 A fuzzy ter-element set Ã is the set
Ã = {(τi,MÃ(i))| τi ∈ {i+, i−, iϕ}, i = 1, · · · ,n},
where the value MÃ(i) is called degree of mem-
bership of i in Ã with MÃ(i) ∈ [−1,0) iff τi =
i−, MÃ(i) ∈ (0,1] iff τi = i+, and MÃ(i) = 0 iff
τi = iϕ.

We denote the set of all fuzzy ter-element sets
by T̃ , and we introduce the complement, inclusion
relation, union, and intersection between fuzzy ter-
element sets of T̃ as follows.

– Let T̃ be the set of all fuzzy ter-element sets and
Ã ∈ T̃ . The complement, Ãc of Ã is defined by
the following membership function,

MÃc(i) =




1−MÃ(i) i f τi = i+,
0 i f τi = iϕ,
−1−MÃ(i) i f τi = i−.

– Let T̃ be the set of all fuzzy ter-element sets

and Ã, B̃ ∈ T̃ . Then, B̃ ⊆ Ã holds iff
MB̃(i)≤ MÃ(i), for each τi ∈ {i+, i−, iϕ}.

– Let T̃ be the set of all fuzzy ter-element sets and
Ã, B̃∈ T̃ . The union, Ã∪ B̃ of Ã and B̃ is defined
by, MÃ∪B̃(i) =
MÃ(i) ∨ MB̃(i) for each τi ∈ {i+, i−, iϕ}.

– Let T̃ be the set of all fuzzy ter-element sets and
Ã, B̃ ∈ T̃ . The intersection, Ã∩ B̃ of Ã and B̃ is
defined by, MÃ∩B̃(i) =
MÃ(i) ∧ MB̃(i) for each τi ∈ {i+, i−, iϕ}.

For example, when n= 3, the Ã and B̃ are fuzzy
ter-element sets defined by the following member-
ship functions

MÃ(i) =




0.4 if τi = 1+,
−0.5 if τi = 2−,
0 if τi = 3ϕ

and

MB̃(i) =




0.6 if τi = 1+,
−0.3 if τi = 2−,
0.2 if τi = 3+.

Then, Ã ⊂ B̃,

MÃ∪B̃(i) =




0.6 if i = 1+,
−0.3 if i = 2−,
0.2 if i = 3+,

and

MÃ∩B̃(i) =




0.4 if i = 1+,
−0.5 if i = 2−,
0 if i = 3ϕ.

5.2 Bi-capacity on fuzzy sets

Let us consider algebras of fuzzy ter-element
sets as a base for defining bi-capacities on fuzzy
sets. We shall always denote a fuzzy algebra by T̃ .
Definition 12 A fuzzy algebra T̃ is a nonempty sub-
class of T̃ with the following properties:
(i) {1−, · · · ,n−}, {1ϕ, · · · ,nϕ}, and {1+, · · · ,n+}∈
T̃ ,
(ii) If Ã, B̃ ∈ T̃ , then Ã∪ B̃ ∈ T̃ ,
(iii) If Ã ∈ T̃ then Ãc ∈ T̃ .

Based on the above definitions, we define bi-
capacity on fuzzy sets as follows.
Definition 13 A fuzzy set function ν̃ : T̃ → R , is
called bi-capacity on fuzzy sets if it satisfies the fol-
lowing requirements:
(i) ν̃({1ϕ, · · · ,nϕ}) = 0,
(ii) ν̃(B̃)≤ ν̃(Ã) whenever B̃, Ã ∈ T̃ with B̃ ⊆ Ã.
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5.3 Bipolar Choquet Integral on fuzzy sets

In this subsection, we can generalize the def-
inition of bipolar Choquet integral (Definition 6)
to bi-capacities on fuzzy sets. For an input vector
x = (x1, · · · ,xi, · · · ,xn), xi ∈ R with i ∈ {1, . . . ,n},
we consider a ter-element set Ã∗ = {(τi,MÃ∗(i))}
with τi = i+ if xi > 0, τi = i− if xi < 0, and τi = i /0 if
xi = 0; ∀ i = 1, . . . ,n. The bipolar Choquet integral
model of real input x with respect to bi-capacity on
fuzzy sets ν̃ we will denote by Cν̃(x), and we define
it as follows.
Definition 14 Let ν̃ be a bi-capacity on fuzzy set.
The bipolar Choquet integral of x with respect to ν̃
is given by

Cν̃(x) =
n

∑
j=1

[|xσ(τi)|− |xσ(τi+1)|] ν̃({Ãσ(τi)}), (16)

where τi ∈ {i+, i−, iϕ}, Ãσ(τi) =
{(σ(τ1),MAσ(τ1)

(σ(τ1))), · · · ,
(σ(τi),MAσ(τi)

(σ(τi))),(σ((i+1)ϕ),0), · · · ,(σ(nϕ),0)}
and σ is a permutation on X so that |xσ(τ1)| ≥ · · · ≥
|xσ(τn)| with the convention xσ(τn+1) := 0.

An equivalent expression for the equation (16)
is BCν̃(x) =

n

∑
i=1

|xσ(τi)| [ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})], (17)

with the same notation above and ν̃({Ã0}) := 0.

For the sake of clarity, let us give the following
numerical example.
Example 4: [Example 1 continued] For n = 3, let
us consider x = (4, 6, − 3). The bipolar Choquet
integral of x with respect to ν̃ is calculated as (For-
mula (16)): Cν̃(x) =
(6−4)ν̃({(2+,MA2+

(2+)),(1ϕ,0),(3ϕ,0)})+
(4−3)ν̃({(2+,MA2+

(2+)),(1+,MA1+
(1+)),(3ϕ,0)})

+(3−0) ν̃({(2+,MA2+
(2+)),(1+,MA1+

(1+)),
(3−,MA3− (3

−))}).
Note that the definition 14 remains valid if ν̃ is

a bi-capacity and the bipolar Choquet integral with
respect to bi-capacity on fuzzy sets reduces to bipo-
lar Choquet integral with respect to bi-capacity.

We now state some properties satisfied by the
proposed approach. The first shows the bipo-
lar Choquet integral with respect to bi-capacity
on fuzzy sets of ternary alternatives (1Ã,−1Ã,0Ã)
equals ν̃(Ã) as shown by the following result.

Proposition 4 For any bi-capacity on fuzzy sets (ν̃)
on T̃ ,

Cν̃(1Ã,−1Ã,0Ã) = ν̃(A), ∀ A ∈ T (X), Ã ∈ T̃ .

Proof: For ternary vector (1Ã,−1Ã,0Ã),

|xσ(τi)|= 1 or |xσ(τi)|= 0, ∀ τi ∈ {i+, i−, iϕ}

and ν̃({Ãσ(τi)}) =

ν̃({(i+,MA(i+)),(i−,MA(i−),(iϕ,0)}) =

ν̃({(i+,1),(i−,−1),(iϕ,0)}) = ν̃(Ã) = ν̃(A).

Therefore, from the bipolar Choquet integral with
respect to bi-capacity on fuzzy sets (Formula (16)),
we have, Cν̃(1Ã,−1Ã,0Ã) =

n

∑
i=1

[|xσ(τi)|− |xσ(τi+1)|] ν̃({Ãσ(τi)})

Thus,

Cν̃(1Ã,−1Ã,0Ã) = ν̃(A), ∀ A ∈ T (X), Ã ∈ T̃ .

The next property shows that the bipolar Choquet
integral with respect to bi-capacity on fuzzy sets
satisfy the monotonicity.

Proposition 5 (Monotonicity) For any bi-capacity
on fuzzy sets ν̃ on T̃ , ∀ x, x′ ∈ R , if xτi ≥ x′τi

, ∀ τi ∈
{i+, i−, iϕ}, then Cν̃(x)≥Cν̃(x′).

Proof: First, we assume that for any τi ∈
{i+, i−, iϕ}, xτi > x′τi

and ∀ k ∈ {1, · · · , i − 1, i +
1, · · · ,n}, xτk = x′τk

. Also, we assume that for all
elements of X , the order of each element is the
same, i.e., |xσ(τ1)| ≥ · · · ≥ |xσ(τn)| and |x′σ(τ1)

| ≥ · · · ≥
|x′σ(τn)

|. Firstly, we prove the monotonicity of this
case.

Using the equivalent expression of bipolar Cho-
quet integral with respect to bi-capacity on fuzzy
sets (Formula (17)), we have, Cν̃(x) =

n

∑
i=1

|xσ(τi)|[ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})] (18)

also, Cν̃(x′) =
n

∑
i=1

|x′σ(τi)
|[ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})] (19)

Ãσ(τi) and Ãσ(τi−1) are the fuzzy ternary-element
sets with Ãσ(τi−1) ⊆ Ãσ(τi). Hence, ν̃({Ãσ(τi)})−
ν̃({Ãσ(τi−1)})≥ 0.
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5.3 Bipolar Choquet Integral on fuzzy sets

In this subsection, we can generalize the def-
inition of bipolar Choquet integral (Definition 6)
to bi-capacities on fuzzy sets. For an input vector
x = (x1, · · · ,xi, · · · ,xn), xi ∈ R with i ∈ {1, . . . ,n},
we consider a ter-element set Ã∗ = {(τi,MÃ∗(i))}
with τi = i+ if xi > 0, τi = i− if xi < 0, and τi = i /0 if
xi = 0; ∀ i = 1, . . . ,n. The bipolar Choquet integral
model of real input x with respect to bi-capacity on
fuzzy sets ν̃ we will denote by Cν̃(x), and we define
it as follows.
Definition 14 Let ν̃ be a bi-capacity on fuzzy set.
The bipolar Choquet integral of x with respect to ν̃
is given by

Cν̃(x) =
n

∑
j=1

[|xσ(τi)|− |xσ(τi+1)|] ν̃({Ãσ(τi)}), (16)

where τi ∈ {i+, i−, iϕ}, Ãσ(τi) =
{(σ(τ1),MAσ(τ1)

(σ(τ1))), · · · ,
(σ(τi),MAσ(τi)

(σ(τi))),(σ((i+1)ϕ),0), · · · ,(σ(nϕ),0)}
and σ is a permutation on X so that |xσ(τ1)| ≥ · · · ≥
|xσ(τn)| with the convention xσ(τn+1) := 0.

An equivalent expression for the equation (16)
is BCν̃(x) =

n

∑
i=1

|xσ(τi)| [ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})], (17)

with the same notation above and ν̃({Ã0}) := 0.

For the sake of clarity, let us give the following
numerical example.
Example 4: [Example 1 continued] For n = 3, let
us consider x = (4, 6, − 3). The bipolar Choquet
integral of x with respect to ν̃ is calculated as (For-
mula (16)): Cν̃(x) =
(6−4)ν̃({(2+,MA2+

(2+)),(1ϕ,0),(3ϕ,0)})+
(4−3)ν̃({(2+,MA2+

(2+)),(1+,MA1+
(1+)),(3ϕ,0)})

+(3−0) ν̃({(2+,MA2+
(2+)),(1+,MA1+

(1+)),
(3−,MA3− (3

−))}).
Note that the definition 14 remains valid if ν̃ is

a bi-capacity and the bipolar Choquet integral with
respect to bi-capacity on fuzzy sets reduces to bipo-
lar Choquet integral with respect to bi-capacity.

We now state some properties satisfied by the
proposed approach. The first shows the bipo-
lar Choquet integral with respect to bi-capacity
on fuzzy sets of ternary alternatives (1Ã,−1Ã,0Ã)
equals ν̃(Ã) as shown by the following result.

Proposition 4 For any bi-capacity on fuzzy sets (ν̃)
on T̃ ,

Cν̃(1Ã,−1Ã,0Ã) = ν̃(A), ∀ A ∈ T (X), Ã ∈ T̃ .

Proof: For ternary vector (1Ã,−1Ã,0Ã),

|xσ(τi)|= 1 or |xσ(τi)|= 0, ∀ τi ∈ {i+, i−, iϕ}

and ν̃({Ãσ(τi)}) =

ν̃({(i+,MA(i+)),(i−,MA(i−),(iϕ,0)}) =

ν̃({(i+,1),(i−,−1),(iϕ,0)}) = ν̃(Ã) = ν̃(A).

Therefore, from the bipolar Choquet integral with
respect to bi-capacity on fuzzy sets (Formula (16)),
we have, Cν̃(1Ã,−1Ã,0Ã) =

n

∑
i=1

[|xσ(τi)|− |xσ(τi+1)|] ν̃({Ãσ(τi)})

Thus,

Cν̃(1Ã,−1Ã,0Ã) = ν̃(A), ∀ A ∈ T (X), Ã ∈ T̃ .

The next property shows that the bipolar Choquet
integral with respect to bi-capacity on fuzzy sets
satisfy the monotonicity.

Proposition 5 (Monotonicity) For any bi-capacity
on fuzzy sets ν̃ on T̃ , ∀ x, x′ ∈ R , if xτi ≥ x′τi

, ∀ τi ∈
{i+, i−, iϕ}, then Cν̃(x)≥Cν̃(x′).

Proof: First, we assume that for any τi ∈
{i+, i−, iϕ}, xτi > x′τi

and ∀ k ∈ {1, · · · , i − 1, i +
1, · · · ,n}, xτk = x′τk

. Also, we assume that for all
elements of X , the order of each element is the
same, i.e., |xσ(τ1)| ≥ · · · ≥ |xσ(τn)| and |x′σ(τ1)

| ≥ · · · ≥
|x′σ(τn)

|. Firstly, we prove the monotonicity of this
case.

Using the equivalent expression of bipolar Cho-
quet integral with respect to bi-capacity on fuzzy
sets (Formula (17)), we have, Cν̃(x) =

n

∑
i=1

|xσ(τi)|[ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})] (18)

also, Cν̃(x′) =
n

∑
i=1

|x′σ(τi)
|[ν̃({Ãσ(τi)})− ν̃({Ãσ(τi−1)})] (19)

Ãσ(τi) and Ãσ(τi−1) are the fuzzy ternary-element
sets with Ãσ(τi−1) ⊆ Ãσ(τi). Hence, ν̃({Ãσ(τi)})−
ν̃({Ãσ(τi−1)})≥ 0.

THE BIPOLAR CHOQUET INTEGRALS BASED ON. . .

Now, since xσ(τi) ≥ x′σ(τi)
, ∀ τi ∈ {i+, i−, iϕ}, it

is clear that Cν̃(x) ≥ Cν̃(x′). Therefore, if xτi > x′τi

then Cν̃(x)≥Cν̃(x′) is proved within the range that
the order of values of each element of x and x′ does
not change. Thus, by repeating the above proce-
dures two times at the point of the change of the
order, if xτi > x′τi

then Cν̃(x)≥Cν̃(x′) can be proved
even in the range with the change of the order. By
applying this procedure successively for each i, the
proposition can be proved.

Conclusion

In this paper, we defined a bi-capacity based on
ter-element set, satisfying properties similar to the
classical definition of bi-capacities. According to
this definition, we have presented an approach for
studying bi-capacities on fuzzy sets. Then, we have
proposed a model of bipolar Choquet integral on
fuzzy sets, and we gave some basic properties of
this model. The applications of the bipolar Choquet
integral on fuzzy sets in many actual fields, such as
decision making, pattern recognition, and medical
diagnosis, are open questions for future research.
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