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ZEROING THE TRANSFER MATRIX OF THE ROESSER MODEL
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Controllability, observability and the transfer matrix of the discrete 2-D Roesser model are analyzed. It is shown that
the controllability of the Roesser model is invariant under state feedbacks and the observability under output feedbacks.
Sufficient conditions are established for the zeroing of the transfer matrix of the Roesser model.
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1. Introduction

In 2D linear systems the inputs, outputs and state variables
are functions of two independent variables (Fornasini and
Marchesini, 1978; Kaczorek, 1993; 1985; Kaczorek and
Rogowski, 2015). Various types of models of 2-D linear
systems have been proposed (Kaczorek, 1985). In the
paper by Roesser (1975) a 2-D discrete-time Roesser
model has been presented. The Roesser model is a
particular case of the second Fornasini—-Marchesini model
(Fornasini and Marchesini, 1978; Kaczorek, 1985). A
general model of 2-D linear discrete-time systems was
set forth by Kurek (1985). Generalized (descriptor) 2-D
linear systems were analyzed by Kaczorek (1993). The
general response formula for CFD pseudo-fractional 2D
continuous linear systems described by the Roesser model
was given by Rogowski (2020). Stability of discrete-time
fractional systems with delays was investigated by
Ruszewski (2019) and that of descriptor fractional
discrete-time system with two different fractional orders
by Sajewski (2016).

In this paper, controllability, observability and the
transfer matrix of the discrete-time 2-D Roesser model
will be analyzed and sufficient conditions for zeroing the
transfer matrix will be established.

The paper is organized as follows. In Section 2 basic

definitions and theorems concerning controllability,
observability and the transfer matrix of linear

discrete-time systems are recalled.  Necessary and
sufficient conditions for the controllability and
observability of the 2-D Roesser model are given in
Section 3. The controllability and observability of the
2-D Roesser model with state and output feedbacks are
investigated in Section 4. The decompositions of the
2-D Roesser model into controllable and uncontrollable
parts and into observable and unobservable parts are
analyzed in Section 5. Conditions for the zeroing of the
transfer matrix of the 2-D Roesser model are established.
Concluding remarks are given in Section 6.

The following notation will be used: R is the set
of real numbers, R"*™ stands for the set of n x m real
matrices and R" = R"*1, vaer means the set of n X m
real matrices with nonnegative entries and R} = Ri“,
I,, signifies the n x n identity matrix C.

2. Preliminaries
Consider the linear discrete-time system
Tiv1 = Ax; + Buy, (1a)
yi = Cuxy, (1b)

where z; € R", u; € R™, y; € RP are the state, input and
output vectors, respectively, and A € R"*™, B € R"*™,
C € Rpx™,

Definition 1. (Kaczorek, 1989; 1993; 1985; Kaczorek
and Rogowski, 2015; Kalman, 1960; Klamka, 1991) The
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system (1) (the pair (A,B)) is called controllable if for
any given initial state (0) € R™ and any given final state
x5 € R™ there exists an input u(t) for ¢ € [0, t;] which
steers the system from x(0) € R™ to z(ty) = zy.

Theorem 1. (Kaczorek, 1989; 1993; 1985; Kaczorek and
Rogowski; 2015; Kalman, 1960; Klamka 1991) The sys-
tem (1) (the pair (A,B)) is controllable if and only if one
of the following equivalent conditions is satisfied.:

rank[ B AB A"IB | =n, (2a)
rank[ [,z—A B]=n VzeC. (2b)

Definition 2. (Kaczorek, 1989; 1993; 1985; Kaczorek
and Rogowski; 2015; Kalman, 1960; Klamka 1991) The
system (1) (the pair (A, B)) is called observable if knowing
the input u(t) and output y(t) of the system (1) for ¢t €
[0, t7] it is possible to find its initial state x(0).

Theorem 2. (Kaczorek, 1989; 1993;1985; Kaczorek and
Rogowski; 2015; Kalman, 1960; Klamka 1991) The sys-
tem (1) is observable if and only if one of the following
equivalent conditions is satisfied:

C
CA
rank . =n, (3a)
i CAn—l
rank Inng =n, VzeC (3b)

It is well known that if the pair (A, B) is
uncontrollable and the pair (4, C) is unobservable
then, according to the Kalman theorem (Kaczorek, 1993;
Kalman, 1960; Klamka, 1991), the system (1) can be
decomposed in the four independent parts

All A12 A13 A14

1 0 Ax 0 Axy
A=pP7lap=| o F ]

0 0 0 Ay

By “4)
B=r'B=|5D |

0

0

c=cpP=[0 G 0 C],

where Ai,j € Rmixni, Bj e RwW>Xm C; € RP*"i n =
ny + -+ ng and P € R™ ™ is nonsingular similarity
transformation matrix such that

e (A11, B1) and (Aaa, Bs) are the controllable parts
of the system,

* (Ass, 0) and (A4q, 0) are the uncontrollable parts
of the system,

* (A11, 0) and (Aaz, 0) are the unobservable parts of
the system,

* (Agg, Cs)and (Ag4, Cy) are observable parts of the
system.

Theorem 3. (Kaczorek, 1993; Kalman, 1960; Klamka,
1991) The transfer matrix of the system (1) is equal to the
transfer matrix of its controllable and observable parts,

T(2) =C[l,z — A7'B = Co[I,z — Aga] "' By. (5)

3. Roesser model and its controllability and
observability

The Roesser model of a 2-D linear discrete-time system
has the form

)=l al )
Lt Az Az Tij
+ [ gé }u] (62)
zh
yij = C { 20 ] ; (6b)
ij

where :1::’] € R™ and xj; € R" are the horizontal and
vertical state vectors, respectively, u;; € R™ is the input
vector and y;; € RP? is the output vector, and

A11 S Rn1><n17
A21 S anxnl,

By € Rnlxm,

C € RPX(mtn2),

A12 S Rnlan,
A22 S anan,
Bl c Rngxm’

The boundary conditions for the model (6) in the
rectangle [(0, 0), (71, 72)] have the form

af; €R™, j=0,1,...,11,
zy € R™, 1=0,1,...,7r. (6¢)

The solution of (6a) for given boundary conditions
(6¢) has the form

p=0 q=0
i—1 j B
1
+ZZTi—p—17J—q { 0 ] Upq
p=0 q=0
i j—1
+ZZTi—p,j—q—1 |: B :|upq7 (73)
p=0 q=0
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and the transition matrix of the model is defined as
(Roesser, 1975)

Tijz{l" for i=j=0,

AlOTifl,j + AOlTi,jfl otherwise,
| A Age
AlO - |: 0 0 :| ’
0 0
Apr = . 7b
01 |: A21 A22 :| ( )

The matrix transfer function of the Roesser model
has the form (Kaczorek, 1993)
-1
B In,2z1 —An —Aj
T(az2) =0 [ —Ag I, 20 — Ago

By
x [ o ] .
Definition 3. (Roesser, 1975; Kaczorek, 1985; 1993) The
Roesser model (6) is called controllable in the rectangle
[r1, r2] = [0 <4 <1y, 0 < j <1y if for any boundary
conditions z[0, j], j € [0, r2], [/, 0], € [r1, 0] and
every vector x5 € R" there exists a sequence of inputs
u(l,j) € R™, (0, 0) < (I, j) < (r1, r2) such that
x(r1, r2) = xy.

®)

Theorem 4. The Roesser model (6) is controllable in the
rectangle [r172], if and only if

rank Cgr = n, (9a)
where
Cr = Cgr(r1, 12)
=[M(0, 1), M(1, 0),...,
M(la j)a"'a M(’f’l, T2)]a
i=0,1,....1, j=0,1,...,r (9b)
rank In,z1 —An —Ai By 0
— A In,29 — Aga DBo ’
21,29 € C. (9¢)

The proofis given by Roesser (1975) and Kaczorek (1985;
1993).

Definition 4. The Roesser model (6) is called (locally)
observable in the rectangle [ry, 7] if there is no local
initial state (0, 0) # 0 such that for zero inputs u(l, j) =
0, (0, 0) < (I, j) < (r1, 7r2) and zero boundary
conditions z"(0, j) = 0, j € [1, 2], 2°(i, 0) = 0,
[ € [1, 7] the output is also zero y(l, j) = 0 for
(07 0) < (ia ]) < (7‘1, TQ)'

Vij Ui Yij
Roesser model ———

9

K = [K; K]

Fig. 1. Roesser model with state feedback.

Theorem 5. The Roesser model (6) is observable in the
rectangle [r1, 12| if and only if

rank Or = n, (10a)
where
C

Op=| CTo |, (10b)

CTy r,

Inlzl - A11 _A12
rank — Aoy In,29 — Ao =n,
01 CQ

Vz1,20 € C, (10c)

where C = [ Cy
RP*n2,

Cy ] S RPX",Cl S Rpxnl,OQ S

4. Controllability and observability of the
Roesser model with feedbacks

Consider the Roesser model (6) (Fig. 1) with the state
feedbacks
— Kox? (11)

h
uy; = vij — Ko ij>

ij
where v;; € R™, K € R™*™ Ky € R™*"2,
Substituting (11) into (6a), we obtain

h h
Tiviy | _ | A An T
Tij4+1 Az Az i

xh Bl
= ij .
A { o ] ! { By ] vor (2
where
Al — B1K7 A — B1Ks
A, = . 12b
{ Aoy — Bo K7 Agg — By K>y } (12b)
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Vij Ui Yij

——()——| Roesser model

Fig. 2. Roesser model with output feedback.

Theorem 6. The Roesser model with state feedbacks
(12) is controllable if and only if the Roesser model (6a)
is controllable.

Proof. By Theorem 4 the Roesser model with feedback
(12) is controllable if and only if

Inz1 — A+ Bi1K;y

rank —Agy + B2 Ky
—Ai2 + B1 K> By
In,20 — Aso + Bo Ky Bo
=n, z,22€C. (13)
Note that

[ I, 21 — A+ BiKy —Aix+ B K> B, ]

—Ao + B2 Ky Ip,20 — Aog + BoKy  Bo
_ { I,z — Ay —Aq B ]
—Agy In222 —Axp B
I, 0 0
X 0 I,, O
K, Ky I,

(14)

From (14) it follows that the Roesser model with
feedbacks (12) is controllable if and only if the Roesser
model (6a) is controllable since the matrix

I,, 0 0
0 I,, O (15)
Ky Ky I,
is nonsingular for any K and K. [ |

Now let us consider the Roesser model (6) (Fig. 2)
with the output feedbacks

U5 = Vij — Fyijw (16)

where F' € R™*P,
Substituting (6b) into (12), we obtain

zh
Uij:Uij_FC[ 7'2;]:|a (17)

z;;

and the substituting (17) into (6a), we get

h h
iy | _ | A Ar Ty
,’E;),ijl A21 A22 LL’%

Bl B LL’Z
+[B2 } (v”FC’{x% ])

_ xh B4
— ij g
= A, [ x;,j } + [ By }vu, (18a)
where
A - Ay —BiFCy Ay — BiFCy
C:[ Ch1 Oy ], ClERpxnl, CQERPXHQ.
(18b)
Theorem 7. The Roesser model with output feedback

(18) is observable if and only if the Roesser model (6a) is
observable.

Proof. The Roesser model with output feedback (18) is
observable if and only if

Inlzl — A11 4+ Bchl

rank —Ao + BoFCy
Ch
—A13+ B1FCy
In22’2 — A22 =+ BQFCQ
Cs
=n,z1, 2 €C. (19)
Note that
In,z1 — A+ B1FCy —Aja+ B1FCq
71421 =+ B2F01 In2 z9 — A22 =+ BQFCQ
Cl C’2
IL,, 0 BF
= 0 I, BF
0 0 1,
Inlzl - A111 _A12
X — A I, 20 — Ago
4 Cy
(20)

From (20) it follows that the Roesser model with output
feedback (18) is observable since the matrix

I,, 0 BF
0 I,, ByF (21)
0 0 I,
is nonsingular for any matrix F. |
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5. Decomposition of the Roesser model

Let the Roesser model (6) be uncontrollable and
unobservable. From the matrix (9) we choose the

first independent columns M, ..., M, and next n — r
additional independent columns Ny, ..., N,_, such that
the matrix

P=[My,...,M.,N1,...,Ny,_,] (22)

is nonsingular, det P # 0.
We apply the similarity transformation to the
uncontrollable pair (A, B).

Lemma 1. Applying the similarity transformation to the
uncontrollable pair (A, B), we obtain

i p-1 | A Ay
A=P AP[ 0 A, |

(23)

5 _ p—1p_ | B1
B=pP B—[O],

A € ]RTXT7 Ay € R(n—r)x(n—r)’ By € }Rrxm7

where the pair (A1, Bh) is controllable and the pair
(As, 0) is uncontrollable.

Proof. Applying the similarity transformation to the pair
(A, B) and taking into account that P~'P = I, we
obtain

A=P AP =[My,...,M,,Ny,...,N,_,]*
x A[My,...,M,,N1,...,Ny_,]
=[My,...,M.,Ny,...,Np_,]7*
x [AMy,...,AM,, ANy, ..., AN, _,]

| A A
= { 0 A, ] (24a)
and
B=I[M,...,M,,Ny,...,N,_,] 'B
_| B
= [ 0 } , (24b)
where
i plANl e plANn—r
Ag = | ,
L p’I"ANl . pTAanr
[ pT+1AN1 pr+1ANn—r
A2 e [ . (240)
pnANl pnAanr
and p;, i = 1,...,n is the i-th row of the matrix P!,
Note that the pair (A, Bi) is controllable. ]

Lemma 2. The transfer matrix (8) of the uncontrollable
Roesser model (6) is equal to its controllable part

T(Zl,ZQ) = [ Cl CQ ]

In, 21— An —Aq ]1 { B ]
— Ao In222 — Ao Bo

= Ci[I,z1 — A1) ' By,
(25)
where the matrix P is defined by (22) and C is the sub-
matrix of the matrix C = C;  Cy |.

Proof. Taking into account (8), (23) and the definition of
C, we obtain

T(Zl, 2’2)

_C In,z1 — An —Aio - By
— Ao In2 zg — Ago B3

-1
In,z1 — A —Aip ]

=Ccpp!
[ —Ag I, 20 — Ago

« PP [ B, } 26)

- Irzl — A1 —A2 -1
N [ Cl 02 ] |: 0 In—rz2 _AS :|

= Cl [IT,Zl — Al]ilBl.

Therefore, the transfer matrix of the uncontrollable
Roesser model is equal to the transfer matrix of only its
controllable part. [ |

Now consider the unobservable Roesser model (6).
F_or, the matrix (10) we use the first » independent rows

M, ... ,MT and next n — r additional independent rows
N1, ..., N,_, such that the matrix
C oA T
_ i,
P= N, 27)
L Nn—r

is nonsingular, i.e., det P # 0.
We apply the similarity transformation to the
unobservable pair (4, C).

Lemma 3. Applying the similarity transformation to the
pair (A, C), we obtain
; A0
A=p7tap=| ' 7
[ Az Ay } ’
C=crP=[C 0],

(28)
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where the pair (A1, C)) is observable and the pair but
(A4, 0) is unobservable. 0
The proof is similar (dual) to that of Lemma 1. 1B = [ 001 ] 1 =L

Lemma 4. The transfer matrix (8) of the unobservable
Roesser model (6) is equal to its observable part,

T(Zl,ZQ)
~ —1 ~
o A Inlzl — Al 0 Bl
—la o] —As In222_A4:| {32]
= él [Inlzl - Al]ilél.
(29)

The proof is similar(dual) to that of Lemma 2.

Theorem 8. The transfer matrix of the Roesser model (6)
is zero if and only if the following conditions are satisfied:

1. the pair (A, B) is uncontrollable,
2. the pair (A, C) is unobservable,
3. CB=0.

Proof. By Lemma 2 the transfer matrix of the
uncontrollable Roesser model is equal to its controllable
part and, by Lemma 4, to its observable part. If
Conditions 1 and 2 are satisfied then in the transfer matrix
(14) the matrix A is zero and the transfer matrix of the

model is zero if and only if Condition 3 is satisfied. [ |
Example 1. Consider the Roesser model with the
matrices
[ A Ap
A =
| Aa1 As
1 0]0
=10 1|11,
1 010 (30)
- 0
_ | B
ol

and two cases of the matrix C':
Casel.C’lz[O 0 1];
CaseZ.C’Qz[l 0 O]. ¢

Note that the pair (30) is uncontrollable since
rank [ M(0,1) M(1,0) M(1,1) ]

=rank | 0 1 1 | =2<n=23.
1 0 0

In Case 1 the Roesser model is also unobservable since

0 0
0 0
= rank 10
1 0

In this case the cancelation occurs in the transfer matrix
but it is nonzero.

In Case 2 the Roesser model is also unobservable
since

T(Zl,Zg)
_C [ I,z — Ay —Aqo ]1 { B ]
— Ay In,20 — Ao By

4—-1 0 071 o

=[0 0 1] 0 =z—-1 -1 1
-1 0 Z9 1
_ 1
- zZ9 — 17
(33)
but C' B = 0 and the transfer matrix
T(Zl,Zg)
-1
I,z — An —Ai
= ! B
2 — A In,20 — Ao

4—-1 0 071 'To

=[10 0] 0 =zn-1 -1 1
-1 0 Z9 1
=0
(34)

is zero. This confirms Theorem 8.

6. Concluding remarks

Controllability, observability and the transfer matrix of
the discrete 2-D Roesser model have been analyzed.
It was shown that the controllability of the Roesser
model is invariant under state feedbacks (Theorem 6) and
the observability under output feedbacks (Theorem 7).
Sufficient conditions are established for zeroing the
transfer matrix of the Roesser model (Theorem 8).
The analysis was illustrated by a simple numerical
example. The considerations can be easily extended to
Fornasini—-Marchesini models and to general 2-D linear
models. An open problem is an extension of these
considerations to fractional orders 2-D linear systems.
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